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Abstract

As an alternative to massive heterogeneous-agent models, we intro-
duce a new kind of model in which inequality is introduced exogenously,
so the policy implications of severe wealth inequality can be analyzed
more readily. This is a hybrid model in which households are segregated
into two groups: laborers and capitalists. The laborers comprise the
bulk of the population. Unable to pass on significant amounts to their
children, they are described by a standard overlapping-generations model
of perfectly competitive agents. In contrast, the handful of capitalists
can fully indulge the pure altruism they feel to their children and are
modeled as infinitely-lived dynasties. Contrary to the frequent charac-
terization of capitalists as essential “job creators”, the welfare of labor-
ers would decrease at most by the equivalent of 13% of consumption if
price-taking capitalists were eliminated from the economy. However, this
hybrid model also allows us to consider the case where the capitalists are
price setters instead of price takers, which yields predictions shockingly
different from perfectly competitive macro models, predictions that can,
however, be reconciled with empirical data. Deviations from the Pareto
efficient Euler equation are proportional to the fraction of wealth owned
by capitalists and the curvature of the production function, both of which
are quite high in the Twenty-First Century American economy, opening
the door for government intervention. When we incorporate taxes in the
model, we find that both capitalists and laborers would prefer to eliminate
capital taxes in the long run. However, a Pareto-improving transition to
this steady state requires capital taxes for capitalists to be raised initially.
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Thomas Piketty’s (2014) Capital in the 21st Century put a spotlight on the
high levels of inequality that have been present in the global economy for as
long as we have data. A major point of the book is that “the distribution of
capital ownership (and of income from capital) is always more concentrated than
the distribution of income from labor.”! Piketty documents the class conflict
made famous by Karl Marx. Whereas a small fraction, between 1% and 0.1%,
are capitalists who have accumulated more wealth than could be earned from a
lifetime of labor and live off the return on this wealth, the bulk of the population
gets most of their income by selling their labor.?  One of the biggest challenges
for macroeconomists is the construction of models that incorporate this fact.
There is a huge literature that seeks to endogenously replicate the empirical
distribution of income and wealth with elaborate heterogeneous-agent models,
but the policy implications of these models have largely been an afterthought
because it is so difficult to get the distributions right. Here I propose an
alternative approach. Inequality can be introduced exogenously with a much
simpler, segregated-economy model that takes seriously the distinction between
capitalists and laborers.> The simplicity of this model also allows us to examine
distortions that are beyond the scope of heterogeneous-agent models in which
diversity is primarily a consequence of accumulated shocks.

Although Marx is often credited with the idea of a class conflict between
capitalists and workers, this is in fact a central theme of the Wealth of Nations,
which was published nearly a century before Capital in 1776. Contrary to the
popular view that Adam Smith “invented” capitalism, he was actually quite
critical of capitalists and admonished the rest of us to consider any propos-
als by capitalists with a highly skeptical ear.* Nevertheless, Marx and Smith
offered radically different explanations for how capitalists “exploit” workers.
Since Marx took it as axiomatic that marginal costs are constant, he inferred
that any profit had to be stolen from workers, i.e. capitalists can only sustain
themselves by exploiting their workers. Smith, on the other hand, argued that
capitalists exert control by colluding with each other to reshape the market-
place so as to maximize their profits. He made especial note of how, ceteris
paribus, capitalists and workers are caught in a zero-sum game. While under

Ip. 212.

2 At the beginning of the 20th Century, the richest 1% lived off the earnings of their land or
capital. Since then, the fraction living off their wealth has shrunk to about 0.1%. Inequality
has been much stabler than this statistic might suggest, however, because there is much greater
dispersion in labor incomes today.

3Several researchers have considered models in which capitalists and laborers behave dif-
ferently. Judd (1985), for example, assumes that laborers cannot save and must live hand to
mouth. The innovation here that is all the differences between capitalists and laborers could
be explained endogenously in terms of widely disparate wealth levels. However, the source of
these differences is not relevant to the questions at hand, and modeling them explicitly would
explode the complexity of the computation.

4Smith never used the words capitalist or capitalism, which came into wide circulation later.
If you define capitalism as the belief that private property generally promotes prosperity, it is
fair to say that Smith invented capitalism. If, however, you define capitalism as an economic
system where capitalists make all decisions about the production and distribution of goods,
Smith was very much against that.



perfect competition neither side actually plays this game since the outcome is
determined by equilibrium conditions, Smith did not view this conflict under
the lens of perfect competition. He clearly envisioned it as a game that the
capitalist invariably wins. In a segregated-economy model it is straightforward
to incorporate this “Smith distortion” by treating the capitalists as price setters
instead of price takers.

A segregated economy is distinguished from a split economy (Feigenbaum
(2015)) in that the two types of agents still interact through markets whereas
in a split economy they would not interact at all-there would be two separate
economies. The workers are modeled as typical lifecycle agents. We will assume
they live for two periods, working in the first period and being retired in the
second. Then there are capitalists who are modeled as infinite-horizon agents
and who only earn income from capital.’ But there are many more laborers
than capitalists, so the laborers will always be treated as price-taker while the
capitalists are able to coordinate their actions.® We will consider both the case
where the capitalists are price-takers and where they are price-settlers. In the
latter case, when they choose their saving, they will account for the effect their
saving will have on the wages and saving of the laborers.

Kotlikoff and Summers (1981) showed the important link between bequests
and wealth accumulation, but our understanding of this link has been stymied
by our poor understanding of how to model bequests. If all households exhibit
pure altruism as in Barro (1974), based on the amount of saving that we observe
we would have to conclude that most parents do not actually care much for
their children. Using a common estimate that the rate of return on capital
is roughly 4%, a pure altruism model would require that parents value their
children’s utility 70% less than their own Thus most research has focused on
models of impure altruism, as in De Nardi (2004), where bequests are a luxury
good that only the rich can afford. Yet even if we assume impure altruism, it is
still difficult to construct heterogeneous-agent models with a wealth distribution
as concentrated as what we observe empirically (De Nardi and Yang (2014)).7
With the segregated economy model, we follow an approach informed by the
intrafamily bargaining model of Feigenbaum and Li (2018). If parents and adult
children both exhibit altruism toward each other, a net transfer from parents
to children will only occur if there is a large wealth differential between the two
parties. In very rich families where the parents control the purse strings, the

5Berg, Buffie, and Zanna (2018) uses a similar framework to study the effects of roboti-
cization with high-skilled workers and capitalists who live forever and low-skilled workers who
do not save.

6In addition to their disparate numbers, perhaps a more compelling reason why capitalists
are better able to exploit their pricing power is that it will always be optimal for them to
reduce their saving from what they would do as price-takers. For a laborer who lives more
than two periods, there will be incentives both to oversave and undersave, and the relative
magnitudes will vary over the lifecycle, which will make it all the more difficult for laborers
to coordinate their behavior.

"The “capitalist spirit” model of Carroll (2000) can easily achieve such an empirical wealth
distribution by putting wealth into the utility function, but these ad hoc preferences are
philosophically difficult to justify.



family should behave jointly like a dynasty with a plan for wealth to pass from
one generation to the next. In more typical families, the parents and children
will make economic decisions independently. On net, any gift-giving will be
unintended since neither side will want to take from the other. A segregated
economy model captures these two distinct behaviors. As a bonus, we can easily
incorporate what Adam Smith would have said was the most crucial thing: the
ability of a handful of capitalists to combine against the rest of the population.
Just as in the standard Cass (1965)-Koopmans (1965)-Ramsey (1928) (CKR)
framework, the natural intuition that an infinitely lived dynasty of capitalists
will seek to maximize their steady-state consumption is wrong if we account
for Smith distortions. Likewise, the common perception that capitalists single-
mindedly want to increase their wealth is incorrect too. Instead, as in the
CKR framework, a capitalist will have to make a tradeoff between his current
consumption and his long-term happiness. The bigger the generational discount
rate, the more weight he will give to his current consumption. Where the
segregated economy model deviates from the CKR framework is that the choices
the capitalist makes are not Pareto optimal. In the steady state it is efficient for
a capitalist dynasty to treat its capital like an annuity, consuming only the return
at a rate equal to the dynasty’s generational discount rate without depleting the
principal. A price-taking capitalist will do this in a competitive equilibrium,
but a price-setting capitalist will consume at a higher rate in the steady state.®
For the capitalist this has the advantage that he needs less capital to support
his consumption, so he can consume more in the short run. For workers, this
arrangement means there is less capital to support the population as a whole.
If the top 0.1% are capitalists who own 20% of the capital stock, their price-
setting behavior will lower GDP by 7.5%, resulting in a welfare loss by the other
99.9% that is equivalent to the loss of 6% of consumption. In the present stylized
model, we abstract from growth so price-setting leads to an actual decrease in
output. More realistically, it would lead to a retardation of the growth rate.
As much as we talk about inequality today, it is actually rather puzzling that
the very wealthy do not have a much larger share of the capital stock. Indeed,
the share of wealth owned by the 1% has barely increased from its nadir of 30%
in the 1960s. At the beginning of the 20th Century, the 1% owned roughly 50%
of the capital stock, but those 1% were primarily landowners and not capitalists.
Even if capitalists are price-takers though, their contribution to the economy
is not as big as they are often given credit for. If the top 0.1% own 20% of the
capital stock, the welfare of laborers would only decrease by the equivalent of
8% of consumption if those capitalists were eliminated from the economy. Even
if the capitalists own 30% of the capital stock, the welfare of laborers would still
only decrease by 13%.
Kuznets (1955) speculated that there was an inverted-U relationship between
inequality and the size of an economy. As an economy starts to grow, inequality
rises along with this growth, but eventually inequality reaches a zenith and

8This means that with price-setting capitalists, the estimate we get from the return on
capital of how much they value their children will be biased downward.



further growth leads to a fall in inequality. As Piketty (2014) documented more
than half a century later, the decreasing part of the inverted U now appears to
have been a historical artifact. Kuznets was writing shortly after the end of one
of the most turbulent eras in human history with the Great Depression and two
world wars. There was considerable capital destruction, which led to a decrease
in wealth inequality. Since the 1960s though, inequality and GDP have grown
in sync. The segregated economy model predicts that destruction of the capital
stock will result in a decrease in wealth inequality either if capitalists are price
takers or price setters.

The present uncertainty in our measurement of even the most basic of macro-
economic observables provides a lot of room to mask inefficient behavior that is
beneficial to a small fraction of the population while causing welfare losses to
the other 994+% larger than issues that receive much more complaints such as
the business cycle (Lucas (2003)) and illegal immigration (Feigenbaum (2014)).

The advantage of a segregated economy model over the standard heterogeneous-
agent approach where everyone is described by an overlapping-generations model
is that it can very easily give us answers to how rising wealth inequality impacts
policy. However, since inequality is exogenous in a segregated economy, the ex-
isting literature on inequality is still important for understanding how inequality
arises and evolves. The two approaches should be viewed as complements rather
than as rivals.

As an example, consider the question of the optimal mix of capital and labor
taxes. There is a huge bifurcation of the literature regarding the wisdom of
taxing capital. With the infinite-horizon models that used to be the norm in
macroeconomics, there is a fairly robust finding that capital taxes should be
set to zero (Judd (1985)) and Chamley (1986)). In overlapping-generations
models, results are more mixed (Conesa, Kitao, and Krueger (2009)). In the
extreme case of a two-period overlapping-generations model, it is the tax on
labor income that should usually be set to zero unless that would require a
prohibitively high tax on capital.

In the baseline calibration of the segregated-economy model, we find that
Judd’s result that it is optimal not to tax capital still holds. However, the gains
from not taxing capital are almost entirely one-sided. The capitalists increase
their consumption by 75% while the workers see an increase in welfare equivalent
to 0.4% of current consumption. The sticking point is the transition. If capital
taxes are simply eliminated and labor taxes are raised to balance the budget,
the current generation of workers will suffer a loss equivalent to 4% of current
consumption. The following generation will lose 5% of current consumption.
It takes three generations for increases in the capital stock to result in higher
after-tax wages. There is a Pareto-improving path to the no-capital-tax steady
state, but this involves increasing the tax on capital for capitalists in the short
run, which essentially zeros out their welfare gains.

The paper is organized as follows. The segregated economy model is intro-
duced in Section 1.



1 A Segregated-Economy Model

A segregated-economy model is an overlapping-generations model with two
types of individuals: capitalists (¢) and laborers (I). Time is discrete. In
each period a measure p of laborers is born while the measure of capitalists
is 1 — p.  In this simplest version of the model, laborers live for two periods.
While young they work, and while old they live off their saving. Thus a pe-
riod corresponds to the working life of a laborer, say thirty years, and the total
population is 1 + pu.

A laborer born at ¢ chooses his consumptions {c} o, ¢}, ,} and leisure I; to
maximize his lifetime utility

Utl = max “l(ci,()a ) + ﬁlul(ci—&-l,h 1) (1)
subject to
Ci,o + ki+1 =(1—TYWi(l = 1) (2)
k,l
Cé+1,1 =1+~ Tt+1>7"t+1)ki+1, (3)

where k! 11 is the saving of a laborer at z. The government imposes taxes 7t on

labor income and T’Z’l on the capital income of laborers. The wage W; and the
before-tax return on capital r; will be treated as given by the laborer.

Meanwhile, the capitalists live forever.  They should be viewed as an
infinitely-lived dynasty, and their population at ¢ is the current generation of
decision-making patriarchs. Given the dynasty’s current capital k;,” a capitalist
at ¢t maximizes'’

U = Bouc(chyy) (4)
s=0
subject to
5+ ki1 = 1+ (1 =77 ke (5)
and the no-Ponzi condition
. kst
lim — > 0. (6)

§—00

[T+ =75

=0

Note that the capital income of capitalists may be taxed at a separate rate Tf ©
from the rate Tf ! that it is taxed at for laborers. Before we finish describing
the capitalist’s problem, we need to specify the rest of the environment.

9Since k¢ will serve as a state variable and appears far more often than its counterpart k)l‘
we suppress the superscript c.

10Given that there is only one type of labor in the model, captialists would endogenously
choose not to work for the calibrations of the model that we will consider. We exogenously
impose that they do not work to streamline the model.



Let D, constitute government debt. Then the capital stock is
K; = pk! + (1 — p)k, — D, (7)
and the labor supply is
N = p(1 = 1y). (8)
There is a constant returns to scale production function F(K, N) such that
Wy = W(Ky, Ni) = Fn(Ky, Ny) 9)

and
re = r(K¢, Ny) = F (Ky, Ni) — 6, (10)

where § > 0 is the depreciation rate. It is helpful to denote the after-tax gross
return on capital (for capitalists) as

Ry = Ry(Ky, N) = 14 (1 — 7791 (Ky, Ny). (11)

The taxes, and possibly debt, are used to finance government expenditures
of goods Gy. The government must satisfy its budget constraint

Gt + (1 + T't)Dt = TéWtNt + ’I“t(,U,Tf’lk'i + (1 — /,L)Tf’ckt) + Dt+1- (12)

We will consider two formulation of the equilibrium: one where the capital-
ists are price-takers and one where they are price-setters.

1.1 Price-Taking Formulation

In the first, the capitalists behave as price-takers, as is normally assumed in
general equilibrium models. The capitalist’s problem can then be described in
terms of the Bellman equation

VI (ky, Ky) = max uf(cf) + BVET (kegr, Kir) (13)

e kv

subject to the constraint
C§+kt+1 = Rt(Kt,Nt(Kt))kt, (14)

where _
Koo = K (e, Kp). (15)

The maps IN(tH(kt,Kt) and ]Vt(Kt) of capital and labor respectively will be
determined in equilibrium.

A laborer born at ¢ solves his problem given the factor prices W; and 7441.
Let {y(Wy,ri41) and ki, (W, ri11) be the resulting leisure and saving of the



laborer.!! Then a price-taking equilibrium will consist of a sequence of capi-

talist policy functions cf(kt, Kt) and k1 (kt, K3), a sequence of laborer policy
functions I;(Wy, r141) and kiH(Wt,nH), capital and labor maps kt+1<kt, Ky)
and Nt(K +), initial state variables kg and K, and a sequence of government pol-
icy variables {Gy, Dy, 74, 70! 75} such that (i) I (We,741) and kepq (Wi, resr)
solve the laborer’s problem (1) given the factor prices W; and r;11 and the
taxes 74 and 7% (ii) ¢§(ky, K;) and keyq (e, K;) solve the price-taking capital-
ist’s problem (13) given the maps Ky 1(ks, K;) and Ny(K;) and the tax 75
(iii) the capital and labor maps satisfy the equations of motion

Kf“(kthﬁ) = /‘ki+1 (Wt(Kt’Nt(Kt))aTtle(I?tle(Kt);J\thJrl(I?tJrl(Kt)I))S)
+(1 = p)kir1 (ke, Kiy)
and
Ny(Ky) = p [1 —1 (Wt(Kt,Nt(Kt)),ml(f?m(Kt),Ntﬂ(km(m))))} :

(17)
and (iv) the sequences {Ky 1, kiy1, Ny, re, We, ki, 1172, generated by the func-
tions Kt+1(k'ta Kt), kt+1(kt7 Kt)7 Nt(Kt)a Tt(Kta Nt)7 Wt(Kta Nt)7 and ki+1(Wt7 7"t+1)
and the government policy variables {G¢, Dy, 74, Tf oL T,’f 120, all satisfy the gov-
ernment budget constraint (12) and the government’s no-Ponzi condition

<o0. (18)

1.2 Price-Setting Formulation

In the price-setting formulation, the capitalist’s problem is described in terms
of the Bellman equation

VS (ke Ky) = max u®(cf) + 5cmi§(k’t+laKt+l) (19)

Ct7kt+1

subject to the budget constraint (14) and the capital equation of motion

Kiy1 = pkiy, (Wt(Kt7Nt(tht))’Tt-l-l(Kt-l-l’Nt+1(Kt+1))) + (1= kg1
(20)
The labor map ]\~ft(kt, K;) will be determined in equilibrium.
A price-taking equilibrium will consist of a sequence of capitalist policy func-
tions ¢ (ke, Ky), ki1 (ke, Kt), Kiy1(ke, Ki); a sequence of laborer policy func-
tions l;(Wy, 7e41) and ki (Wi, 7441); a labor map N,(K;), initial state variables

'Much of the complexity in the equilibrium definitions comes from the possibility that the
labor supply might depend on the future return of capital. For the specific preferences that
we will consider, the labor supply will end up being independent of factor prices, which will
greatly simplify the problem of finding an equilibrium.



ko and Kjy; and a sequence of government policy variables {GY, Dy, 7, Tf L Tf “}

such that (1) l;(We,7e41) and ki1 (Wi, req1) solve the laborer’s problem (1)
given the factor prices W, and r,41 and the taxes 71 and 70" (i) £ (ke, Ky),
ki1 (ke, Ky), and Kyyq(ke, Ky) solve the price-setting capitalist’s problem (19)
given the map N,(K;) and the tax 71°°; (iii) the capital map satisfies

Ny(ke, Ky) = {1 — 1t (Wt(Kt,Nt(kt,Kt)),’l"t.;,.l(Kt.l,_l(kt,Kt),ﬁt+1(kt+1(kt7Kt),Kt.l,.l(kt,Kt))))} ;
(21)

and (iv) the sequences {Ky i1, kev1, Ny, 7, We, ki 1152 generated by the func-

tions Kt+1(kt, Kt), kt+1(kt7 Kt); Nt(kt; Kt>7 Tt(Ku Nt) Wt(Kt7 Nt) and kt+1(Wt; Tt+1)

and the government policy variables {G¢, Dy, 7%, Tf Lk 7,915, all satisfy the gov-

ernment budget constraint (12) and the government’s no-Ponzi condition (18).
2 The Solution to the Laborer’s Problem

The laborer’s problem is the same for both the price-setting and price-taking
equilibria. We specialize to the case where

u(e,l) =nlnc+ (1 —n)lnl.

3 The Price-Taking Equilibrium

Note that we get the standard Euler equation

u'(¢) = BoRiy1u' (crin).

In a steady state, this simplifies to the condition that Rpp = B; ,
very strong—empirically speaking, overly strong—predictions.!?
For a capitalist, the lifetime budget constraint is

which makes

C

i S (14 (1=K (22)
=0

For laborers, saving is

. Chyrn— (=7 OWiper(1 = liy1n)
ki, = 3 - (23)
I+ (11— Tt+1)7nt+1

121n this paper we have abstracted from growth. If we had growth, the steady-state Euler
equation would impose that R}, is a function of 3. and other preference parameters. This
will not change the point that the condition makes an overly strong prediction.



Inserting this into the young laborer’s budget constraint, we get the laborer’s
lifetime budget constraint

! ! !
Cip11 T (L= 7T ) Wipieilipin (1 =7 ) Wie

¢t o+ (1= Weeoli o+ = (1-7H)Wieo+

14+ (1 =78 )ree L+ (1= 7817
(24)
In an equilibrium, a laborer at t solves his problem given the prices W,
Wiy1, and 7,41. A capitalist at ¢ solves for the sequences {k§+s+1, Tidstl}oso
given the market-clearing constraints and the laborer’s policy functions. Thus
the capitalist is not a price-taker.

Let us define

v (B, w) = maxu'(c,1) (25)
subject to
ctwl=F (26)
and
0<I<1. (27)

Then we can rewrite the laborer’s problem as

Utl = maxvl(Eiyo, (1- Té)Wteo) + 5”l(Ei+1,1v (1- Ti+1)Wt+1€1) (28)

subject to
E! 1—7t YWiie
El,+ Ll (1= ) Weo + t“)k DL (29)
T+ (=T ) L4+ (1= 731 )reg
Then saving is
ki =(1—71)Weo — Ef . (30)
The intertemporal Lagrangian is
L = (B (1~ ) Wieo) + A (Bl 10 (1= 7hy ) Whsne) +

(1= 7i ) Werier

N (1= ) Wieo + , — Bl - L
e ( Wi T4+ (=75 )rea POl (1= )ren )

The first-order conditions are

aﬁé 8'Ul 1 1
o1, = op Pho (1= T0Wico) =X =0
aﬁé la’Ul 1 1 At
— =pf"—(F 1-— % — =0.
OE! 3E( e (= T Ween) L+ (1= 7Hq)res
Thus the laborer’s Euler equation is
ot . ot
@(Ei,07 (1-7)Wieo) = B [L+ (1 — 751 )res1] @(E§+1,17 (1=7} ) Wegien).

(32)
Once we have solved the laborer’s problem, we can express his policy variables
as functions of K; and K;1.
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4 CRRA Utility

Suppose
ul(c,l) =nlnc+ (1 —n)Inl (33)

where 1 € [0,1]. Then

L o=nlnc+ (1 —n)Inl+ \E —c—wl] + p[1 -1
3£Lt n
intra _ 1 _ N —
dc c
acéntra_l_n _
A B

1 —
S/ P
l c
with equality if [ < 1.
Let us suppose first that [ < 1. Then

If { =1, then

c=F—w
nw
1—p—

n E—-w
nw
E—w
E_w> 1
I—n

>0

1—n>

77 w
E>|1+-—"|w=—n-0
>[+1—n}w 1—n

Thus the policy functions are

E

nk E<
C(E,w):{Ew E>1

I—T]E E
Z(E7w) = { w]_ E

3
—
w
i~
=

gl

—
|
3

and

S

H
o
g |

(AVAVAN
3
w
=

—
|
3



Then

1—
nln(E — w) E>x

Ul(E w):{ nln(nE)—F(l—n)ln(l;—nE) E < Ln

Thus the value function is

nn(n) + (1 —n)ln (72) +1n(E) E
v (B, w) = { nln(E — w) ) E

Then

lim o' (E,w) =nln (&w) +(1—n)In(1) =nln (1”7711;)

b=
. w n
lim v"(B,w)=nh | —— —w | =gl | —w ),
Bl ()= <1—77 ) ! <1—77>
l

so v' is continuous.

li =
ETllmfwn oE w
iy V(B w) n n 1—n
1m = = = .
ElT2.  OE Wy =0 w

1-n 1—n

Thus v* is differentiable with respect to E.
If we make the further assumption that ey = 1 and e; = 0 so households
only work while young, things simplify more. Then

Z(Eg-&-l,lv (1- Ti+1)Wt+1€1) = Z(Eé-u,lvo) =1

”l(E£+1,1a 0)=n ln(Etl+1,1)-

The lifetime budget constraint is

Eﬂ

B+ t+1,1 (1 —
t,0 1 + (1 o Ti€+1)7ﬂt+1 t) t

1—7Hw,

Eéog(l—Ti)Wt<( Tt) L

) 1_/’7
since 0 <n < 1. Thus
1—n l

WE} o, (1= TY)W,) = m@,o
t
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WH(ELy, (1= THW) = nln(n) + (1 — ) In (ui"jw) T n(EL)

The Lagrangian is

1—n 1
Liier = nln(n)+(1—n)ln <(1_7W> + ln(Ei,o) + B'nln (E§+1,1)
El
+A Wyeo — EL, — 1 .
| (1= mWieo = Big L (1= 7§ q)res
The first-order conditions are
oLl 1
mite'r‘ _ — At — 0
aEt,O Ei,
aﬁinter _ ﬁln _ At =0
8E£+1,1 Eé+1,1 I+ (1— Tf+1)7"t+1
B 1 1
E£+1,1 1 + (]. — ’Tf+1)7’t+1 Eé,O
Eéﬂ =8 14 (1- Tfﬂ)”ﬂ} Ezls,o
1+ (1 =75 )re] B}
ELO ﬁ n[ ( tJrl) t+1:| t,0 — (1 o Ti)Wt
1 + (1 Tt+1)7"t+1
1+ B8'ME = (1 -T)W,
lO _ 1-— Tll
o= —1
1+ 8
8 k !
E! = — |1+ (1 -7 T 1—7)W,
t+1,1 1+5l77 [ ( t+1) t+1} ( 1) t
I—n 1—1n
Lo =UE Yy, (1 —-mHhw,) = E!, = <l-n<1 38
£,0 ( t,0 ( )W) 11— )W, £,0 1+Bl77 n= (38)
Thus
1—n 14+8n—1+n 1+
JW=#O—&M=MP— ]=u = n
1+ 1+ 4y 1+ 6

L+4 o+ _

1=l =

"1 Al 1+ﬁn
B 1+ﬂ l g W1+ B =y 1+ 46
2 ,) = 1 S — = 0
o0 = Ty Ty T T T e
i(l—lto)z U _(1+Bl)772:nl+ﬁln—(1+ﬁl)n:77 1—mn
g " T 148 1+ B'n)? (14 B'n)? (1+8'n)?
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Thus 1 — [; o is maximized when n = 1 and Bl — 00,50 1 =1 90=1.

Ui
C:ls,o = C(Ei,m (1- Ti)Wt) = 77E§,o = 75(1 - Tfs)Wt (39)
14+ 8
! l l 5l77 k 1
Cii11=C(Ey11,0) =By = —— 14+ (=7 )ree] (1 —7)We (40)
145
Most importantly,
1—7l ﬂln
ki =1—-1OW,—Ejg=(1—1,)W, — LW, = 1—1hW, (41
t+1 = ( Wi 0= ( Wi 1+5177t 1+ﬂl77( W (41)
Total lifetime income is z
1+8
1 77( - Ti)Wt
1+
Total lifetime consumption is
! l
! Ct41,1 n ! Bn !
cro+ . = (1—7)Wr + (1—=7)Ws
PO (L= TE ) 1+ ' ! 148 '
1+
= Q2P hw,
1+ 8

This example clarifies the lessons of the model. A laborer’s utility depends on
the after-tax wage and the after-tax return on capital. But in the steady state,
the after-tax return on capital is fixed by the preferences of capitalists, so ulti-
mately the laborer’s utility only depends on the after-tax wage. A decrease in
capital taxes will increase the capital stock and increase the wage, but there will
be some optimal combination of the two tax rates that maximizes the laborer’s
after-tax wage.

In this case, the capitalist’s problem can be expressed in terms of a Bellman
equation

vy (i, Kt) = maxu®(cy) + B (kiyy, Kir) (42)
subject to
¢ ki = (14 (1= 71)r)kf
B'n ! 144
Kiq = 1—7H)Fn | Ky, + (1 — p)k; 43
t+1 'ul‘Fﬁl??( )N t u1+ﬁl7777 ( 1) t+1 (43)
1+ 4

re = Fr | Kyyp—0"n | — 6. 44
t K< tﬂl+5lnn> ( )

If we further specialize to the case of Cobb-Douglas utility, then (43) sim-
plifies to
K

Tgl
ﬂ1+5znn

Ky = (1-7)(1—a) + (1 = ki

1+ '

14



Kiy1=(1—1})

(L=a)B' o [

e K 7
(145 145
Likewise, (44) simplifies to

11—«
) Tk, (45)

a—1
1+ 8K
N (R atei LT B | (46)
146" pn
The Lagrangian for the capitalist is
1 n 6[ K a—1
;= w|(1+0-7)a e Rl B N I
1+ 6" un

7 1 11—«
B <k§+l,<1fi>“ )b K?( 1 ) +(1u)kf+1>-

1+ " \1+ 8"
Thus
a—1
LS ) . 14 6'n K,
= —(u 1+(1—7 «@ — -0 ki — kS
ks y (u) ( t) ( 1+ 8 t — Rl
OV . NS a)ﬂl ( KN >1a :
+3 ki, (1—7 K + (1 — p)ks
ke ( t+1 ( t) (1—}—[31)0‘ t 1"‘5[77 ( ) t+1
¢ O N a)ﬁl Kn e
1- kS 1- Ky 1— ki (4
+( B K < t+1a( Tt) (1+5l)°‘ t 1+5l77 +( 1) t+(l )
By the Envelope Theorem,
ov§  0LS o e
ohe = pre = L+ =70 () ().
Thus the Euler equation simplifies to
C C C C C Cav C
(u)'(cf) = B°(1+ (1 - Tf+1)7"t+1) (u®)’ (cfi1) +(1—p)p 8;1 (kfy 1, Kiga) -

(49)
Absent the last term, this is just the normal Euler equation. The new term
reflects the effect of the capitalist’s capital on the behavior of laborers.

a—1
ovi _ 0Ly pole—1) (146K (e

OV (e 1-a)B' o o
e Lot (ktH,KtH)aTi)mKt 1<1—f?,;l77) (50)

The first term is the effect of having a higher capital stock next period, which
is to lower the rate of return on capital. The second term is the effect on

15



laborer’s wages of having more capital next period, which will be to save more
and further raise the capital stock, which will again lower the rate of return on
capital. Thus Jv{/OK is negative. The capitalist will save less than would
otherwise be optimal to increase the rate of return just as a monopolist restricts
output to increase revenue. Just as is the case with optimal irrational behavior,
obeying the normal Euler equation is not optimal for the capitalist. However,
the capitalist wants a smaller capital stock whereas an optimal irrational social
planner wants a bigger capital stock.
In the steady state, if Ov/0K < 0, then

() (€)= 91+ (1= 7)) (u)' () + (1= ) o (kS K°)
[ G501+ (1= 759 () () = (1= ) o (kS KC)

Thus we need
1-81+1—-7Fr) <0

1
— <14+ (1 =7F)
5 ( )

Tl 1-p
1—7k  B°(1 —1k)’

where the latter would be the interest rate if the capitalist did not take into
account the pecuniary externality. Thus the capital stock will be lower than it
would be if the capitalist behaved competitively.

Suppose 7F and 7! are constant. Let (k¢, K*) be the steady state such
that kf,, = kf =k, Ky = Ky = K*, and vf(k, K) = v°(k, K). Then (50)
simplifies to

a—1
o o eale—1) (148K

cavC c * _ 7_l a(l - O‘)ﬁl wun 1o
e () (= ST () G

Solving for the partial derivative,

L\ a—1
0 e i (1= rkyslemt) (L )™ ey () -
OK - a(l—a)p! " 1mar
L= B =) e ((1-&-;’7}1)1{*)
This only makes sense if
o1~ ) o e
Be(1—7h) l ( l ) <1 (53)
1+ @) \(1+ Bn)k"
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Note that o, € [0,1] and 5, 7! € [0, 1), though we only have B' > 0. However,

we do have
1+

1+ 4

1
1< —
1+8n 148

n<1

IN

Bl ( n >1—o¢ Bl )
(148 \1+ 8 e

a—1 11—«
\ 1+ p'n K* 145 um
rr+i=a« ; =« ; ”
1+ mm 1+ g K

Then the condition (53) can be rewritten

l
g1 —7H(1 - a)lfﬂl(r* +46) < 1.

I was endeavoring to show that this condition always holds, but that is
probably not true. One can imagine that a small increase in the capital stock
would have a divergent effect on the capitalist’s utility, particularly if 3° > 8.
So there are probably parameters where there is no positive steady state capital
stock. It may be optimal for the capitalists to drive the economy to extinction,
ensuring that they keep earning a high return to capital.

In order for a steady state to exist, the resulting K* must be high enough
so a small change in capital does not have a big effect on the rate of return on
capital.

4.1 Terminal Value Function

Suppose that at time 7'+ 1 the capitalist dies and there will only be a laborer.
Thus
v (kT Kr) = maxu®(cq)

subject to
cr = 1+ (1= mh)rr)ks

1+ 4
rT :FK <KT,[J,1+BI7777> — 4.

Thus the terminal value function is
1+ 6 ‘
FK KT7 U—7n 1 — 1) kS 54
( 1+ ﬁln T ( )

v (kG K1) =u ((1 +(1- 7'17‘«)

17



oS (kS., K l
W = <1+(1—TT) Fr (KT’/“‘;:;/O _5]> (55)
!
XU <<1+(1TT) Fr (KT,M;:Bﬁlnﬁ> 5]) k‘%)
> 0

since § € [0,1] and 7F € [0, 1].

905 (-, )

1+4
0Ky (1—75)Fxx (KTv 1+ A 77) (56)

!
XU ((1 +(1—7h) | Fx (KT’M;:????]) - 5]) k%)

< 0.
Let us assume that aztjl > 0 and 3 ‘“ < 0. Then by the Envelope

Theorem,

Ovi(ki, Ky) _ OLF(kf, K¢, Av)

oks ks
and
ovg(kf, Ky)  OLF(kf, Ki, \¢)
oK, 0K, ’
where

Li(ki, Ke, \e) = u(cf) + B ey ktc+1aﬂLnl(1*Ti)FN Kmﬂiﬁll?? + (1= ki
14 8'n 14 p8'n

A <L+u—70 FK(Ku +§ )-ﬂﬂ>k§—¢—kg4
Note that
Ao = u'(cf).
avtc(ktcht) _ 8'Cg(kgaKt7)\t) _ 1+ ﬂ 1/ c
okt = ok? 1+(1 Tt) Fr | Ky, p 577 =0 |u'(cf) >0

oL (kg, Ky, \r) e 0Vt . B'n ! 144
e AN 2 Rl ARALVA kS, K, 1-7HF Ky p—"—

0K, O ok Rt B, (U= e | K=

. 1+ N\ .
()1 — ) Frre (Koo D ) ke
146y

Suppose we have a production function that satisfies

F@ﬂﬂ:f(ﬁ)N

18



where f'(k) > 0 and f”(k) < 0. Then

Fi(K,N) = f (ﬁ)

K K Ow(K, N)
e [ A8y g, Ay
FKN(K,N)—f <N>< N2> 0K >0
Thus 29850 < 0.
We can also write the objective function as

1+
Fr | Ky, p——— — 0| | ki — K
K( tu1+ﬁl77n> ‘|> t t+1>
c B'n l 1+ 8
+5%v ki, u——1 — 1) Fn | Ky, + (1 — ¢
B t+1<t+1 Ml‘i‘ﬁl??( )N t“l—l—ﬁlnn ( 1) t+1

1+ 8 L
Fg | Ky, p——— — 0| | ki — K
K ( t u1+ﬁlnn> ]) t t+1>
cathrl c 5177 1 +ﬁl c
+5 ok (ktJrlle Jrﬂl?](l - Tfs)FN Ky, p |+ (1- N)kt+1

1+ 067

c ov c ! 1+ ! c
+5°(1 7M)% (kHl’leZ’ln(l -1 Fy (Kta# n ﬁlnn + (1= p)ki,

1+ 4
Frx | Ky, u———n | — 6| | kf — Kk}
K( tu1+ﬁlnn> ]) t t+1>

v 8 1+ 8
+4° ki, p——— (L= 7O Fn | Kyyp———n | + (1 — p)ky
B k2 t+1 Ml‘i‘ﬁln( )N t M1+ﬂlnn ( ) t+1

Puv [ B ! 1+ 4 ,
+28°(1—p ki o p—— 1 —71))Fn | Kpyyp———n | + (1 — p)ky
( )8kaK t+1 M1+5l77( )N t ,u1+ 177 ( ) t+1

M(ki,) = u° ((1 + (1 -7

M'(kiy) = —@) <<1 +(1=7)

M) = () ((1+ (1—7h)

B
v B 1+
+8°(1 — p)? kS, p——— (1 —7HF Ky, uy———n | + (1 — p)ky
B( 1) OK2 t+1 MlJrﬁln( T ) FN t M1+61n77 ( 1) t41

The first term is negative. The second term is presumably negative. The
remaining terms are of indeterminate size.

However, u° will satisfy an Inada condition at 0 and v (k, K) will also
satisfy an Inada condition at k = 0. Thus there must be a global maximum.

Suppose F' is Cobb-Douglas with share of capital a and u€ is log. Let
™ =§=N=1. Then

vr(k, K) =In [aK* k]
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(9”UT 1

W:E>O
%:a[;1<0
R bl L

Thus the value function is definitely not concave.

While we cannot solve analytically for v;(k, K) for all k, we can approximate
v¢(k, K) in the limit of small k. However, the following approximation is only
valid for s > 0. We will have to treat the case of s = 0 separately.

vp_1(kp_y, Kr—1) = maxu®(cp_y) + Bvr(kp_y, Kr_1) (57)
subject to
G 1tk =0+Q—75_)rr_1)kT_,
B'n ! 144
T=U 1—7p )FN | Kp—1,u————n | + (1 — p)kg
1+5l77( Tl) 1 1+Bl77 ( )T
1+ 4
rr—1=Fg | Kr—1,p——n] — 9.
( D )
Let )
1+
1+ 87
and .
s= P T (59)
1+ 08
In the limit of small kr_1,
K _ «
K= (1= s = ) (P57 ) (60)

First consider the case where v = 1.
vr(kr, K1) =In [((1 +(1- T?)T(KT))) kt]
The capitalist’s problem in this limit is
maxIn(c§_;) + 8 In(((1 + (1 — 75)r(K7))) k5)

subject to
G+ ke =0+ Q-7 )rr_)kG

Ly =In(cr_1) +6°In ((1 + (1= Th_Drro0)kG_y — CCT—l)
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oLS_, 1 B¢ —0
oct_q ¢ (T+(1— T%’—1)TT—1)]€%—1 —Crq

(14 (1 =75 )rr-1)kG_1 — ¢p_y = Br
1+ Q=75 )r(Kr—1))kg_,
14+ 8¢
1+ =75 Drr(Kr_1))kG
14+ ¢

C%—l (k’%—la KT—l) =

(61)

kG (kG 1, Kr—1) = A+(1=75_)re—1(Kr—1))k§_—

C

k(K7 1, Kp1) = L+ (1= 75 )rr—1(Kr-1))kf_ (62)

1+ 3¢
Let

Ry(Ky) = 1+ (1 —§)r(Ky) (63)
while for s > t,
Rs(Kt) = RS(KS(Kt))

since in the small k; limit, K is simply a function of Kj;.

Ry 1 (Kr—1)k$ 4

c

)—|—BC In [RT(KTl)ﬁRTl(KTl)k%l]

UTfl(k}%fl, KTfl) =In (

14 ¢ 14 ¢
vy Kroa) = (1 5 ()45 T 8 () 1+ 59y (25205020
(64)
UT(]'C%, KT) = ln (RT(KT)]C%) .
Let us assume that
’Ut(kg, Kt) = Mt ln(kf) + Dt(Kt) (65)

The capitalist’s problem at ¢ has Lagrangian

Li(cf, Kt) = In(cf) + B [My1 In (R (Kp)ke — ¢f) + Diy(K4)] (66)

3Lt(c‘§,KtO _ i . Bth-i-l _
8C§ Cg Rt(Kt)kt — C?
Rt(Kt)k't — Cg = ﬁcMH_lCE
Ry (Ky)ky
ci(ky, Ky) = ————— 67
kK = T e (67
‘M.
Foa (e K) = e Ru (Kl (68)
Ry(Ky)ky ) c ( B My ) c
ki, Ki) =In | ———+— MipiIn | ——————R:(Ky)k D K K
v (ke, Ky) n(1+6 My +B“Mitq1In 1+ 3" Moy (K )Ee | +8°Dygr (K1 (Ky))
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ve(ke, Ki) = (14 B M) In(ky)
+1In (Rt(Kt)) + B°Mi4q In (MmRt(Kt)) + B°Dyy1 (K y1(Ky))

14 M1 T+ Mo
My =1+ °Myiq
NT—t41
My = 1 _gc =1
M; =1+ 561 _1(_55)Tt _1-p5+ fi—ﬁgﬁC)T”l _1- i/gj)gcm
Dy(K;) =In <H&£§ZH)+56MM In (%Rt(Kt)>+5”Dt+1(Kt+1(Kt))
(69)

At the opposite extreme, in the limit of very large kr_1,

KtJrl = (1 — /J,)k§+1
<1 +(1-7%) [oz <IJ($>Q—1 - 5]) k‘%}
(1 +(1-7h) la (1;]“1@1)& - 5D kT]

vr(k§, Kr) ~In [(1 - 6(1 — 75.))k5]
Ly _1(cp_q) =In(cp_4) + B%In [(1 —4(1— T?)) (RTfl(KTfl)k%fl - CCT71)]

’UT(]C%, KT) =1In

’UT(k‘%, KT) =In

, 1 B¢
/ _ c(, B — _ — O
r-1(F-2) ¢ty Bra(Kr_1)k§ ) —cf
o Bra(Br1)kq
T—1 1 +BC
Kp=(1- M)LCRTA(KTA)% 1-
1+ p° B
In this limit,
Kr = 676 [1—(5(1 —T’% 1)] Kr 1 < Krp.
1+ 8° B
For v # 1, in the small k; limit, suppose that
Ut(k?, Kt) = Mt(Kt)UC(k'g) + D(Kt) (70)
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We have that

vr(k§, Kr) = u®(Rp(Ko)kS) = Ry (K )u(k$), (71)
Mr(Kr) = Ry "*(Ky) (72)

and
DT(KT) =0. (73)

Now suppose the ansatz is correct for ¢ + 1. Then

Li(cf) = u(cf) + B Myyr (K1 (K) Ju (R (K )Ry — ¢f) + ﬁCDt+1(Kt+1(KE)))
74
Li(ce) = ()77 = B Myp1 (K1 (Ke) ) (Re (K )kf — ¢f) 7 =0

¢f = (B° M1 (K1 (K0))) 7 (R(K kg — )
[1 + (50Mt+1(Kt+1(Kt)))*1/%} ¢ = (B°Mys1 (Kosr (K2))) ™Y/ 7 Ry(I ke
(B° M1 (K1 (Ky))) e
1 =+ (5th+1(Kt+1(Kt)))*1/’Yc

B (B Myy1 (Kpy1 (Ky))) e
1+ (B My (K (Ky)))~1 /e
1
1 + (50Mt+1(Kt+1(Kt)))_1/Vc

ci(ki, Ki) = R (Ky)ks. (75)

ki (ks Ky) = Ri(K)ky Ry (Ky)kf

kf—i—l (kga Kt) -

Ri(K kS (76)

(B°Myy1 (K1 (Ky))) /e
1+ (/BCMt+1(Kt+1(Kt)))*1/%

+B8 M1 (Kiq1 (Ky))u® (

+B8 D1 (K1 (K1)

ve(ky, K) = uc< Rt(Kt)k§>

1
1+ (BMyyq (Kpyq (Ky))) =1/ e

Rt(Kt)kf>

Je—1

ve(ky, Ke) = [(56Mt+1(Kt+1(Kt)))T+ B M1 (K1 (Kt))}

Rt(Kt) )1VC c(1.c
g (1 FE Mo Kooy n)
+B°Dyy1 (Kep1(Ky))
Thus
Dy(Kt) = B°Dyy1 (Kiy1(Ky))-
Since Dy (K7) = 0, Dy(K;) = 0.

Je—

My(Ky) = [(Bth-‘rl(Kt-&-l(Kt))) ”cl+ﬁth+1(Kt+1(Kt))} < Ry (K3)

1+ (56Mt+1(Kt+1(Kt)))_l/7C)
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Ry(Ky) )1%
L+ (B Mg (K1 (Ky))) =/ e

Ve

My (K¢) = ﬂCMtJrl(KtH(Kt)) ((6th+1(Kt+1(Kt)))7% + 1) (

My(Ky) = B Mg (Koyn (K Ry (K0) (B Moy (K (K2)) 77 +1)

Mi(K) = Ry (K (B Moo (Ko (K)) 7 +1) (77)

/e o (BMypa (K (Ky)))~ Ve c
Ct(ktaKt) - 1+ (,Bth-t,-l(Kt-&-l(Kt)))_l/% Rt(Kt)kt
Rt(Kt)k:tC

1 + (ﬂth+1(Kt+1(Kt)))1/'Yc

In the special case where Ky = K* and R is constant,

My = R'7e((BMyy1)7e 4 1)

Let u
t _ B
T R T (B R Temyga)7e +1)7
and )
¢, = (B.R'"7e) 7e
1
1 Ye
mle =1+ m<;+1
mr = 1
1 —(T—t+1
L 1— ¢C( t+1)
' 1—¢. "
m;/% =1
1/, 1 *QSc_(T_(HlHl)
mt/v = 1+¢cl ]_—¢_1
1= T
1 .
= e T
_ 1_¢c—1+¢c—1 _¢C—(T—t+1)
N 1-¢,"
_ 1 _ ¢C—(T—t+1)
1—¢."



1 — ¢ (T—t+D) Te
M, = <¢c Rl

1-¢."
_ (BMyp) e c
culke) = 17 (B°Mysr) 1/ Rky
1-¢." ¢. — 1

c —1/v. _ cpl—r, —1/v. _ _
(B Myt1) /e = (5 R v,th) - ¢61 7¢—(T—t) B 17¢)—(T—t)

¢.—1 .
(B°Myyq) /e PR CED) 6, —1 1= oo
= e — c — c
1+ (B°Mypq)~ Y% 14 % 1-¢-T D4 g —1 1—¢; T
k)= %
ci(ke) = W t

Conversely, in the limit of large K, R(K) — 1 — ¢, and so value and con-
sumption functions should not depend on K. However, K has to get very, very,
very large before we can make that approximation. It would not be practical
to consider so large a state space since K will never get so large. So instead,
we need to find kp.x and Kpax such that

KtJrl(kt; Kmax) S Kmax

and
ktJrl(kmaxa Kt) S kmax

for all k; < kmax and K; < K.«. For the first, we have
Ky (ke Ky) = ps' (1= mHw(Ky) + (1= )k (ke, Ky).

Note that

is strictly concave. For

l-«a
Klfa — l
HS o
Thus for )
l T—a
— us' (1 — «)
K =
()
Ku—l
"(K)=a(l -
W (K) = a1 — o)
which is a decreasing function.
— a(l—a) N© @

w (K) = =
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Thus for K; > K,

d l l l N
diKt (,us (1- Tt)w(Kt)) < us'(l— Tt)ﬁ <1

So
ps' (1 — thw(K,) < K,

for Kt Z F

5 Myopic Laborers

Suppose that the laborers have ﬂl = 0, so they do not save. They just supply
N elastically and get w without saving. If the capitalists are price-takers, they
would then solve

max v(K) = u.(c.) + Bv(K")

subject to
cc+K' =RK

where in equilibrium
R=R(K)=Fg(K,N)+1-59.
Then the Lagrangian is

L =uc(c.)+ Bv(K') + A[RK — c. — K|

oL , B
ae. = (ue) (cc) —A=0
aL_ T Yy
8K,_BU(K) A=0
, 0L
v(K)f—aKfAR

(ue)'(ce) = BV (K') = BR(K")(uc) (cc) = B (Fr (K', N) + 1 = 6)(uc)'(cr)-
In the steady state, K* solves

FK(K*,N):%+5—1. (78)

If the capitalists are not price-takers and maximize RK instead (which would
result if wages are still determined competitively), the problem becomes

max v(K) = uc(c.) + fv(K')

subject to
ce + K'=[Fg(K,N)+1-0]K.

L =wuc(ce) + Bv(K")+  N[Fxk(K,N)+1—-0]K —c. — K'}
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3 =u,(c.)—A=0
oL .
W*B /(K/)f/\zo
, oL
VI(K) = 52 = MFK(K,N) +1 =6+ Frere (K, N) K]

Thus, even if the laborers do not contribute to saving, it will matter if the
capitalists know that the rate of return depends on K. Thus we will get

(ue)'(cc) = BV (K') = B (Fr (K", N) + 1= 6 + Frec (K, N)K') (ue)'(cp.)-
In the steady state,
1
Fr(K*™ ,N)+ Frg (K™, N)K* = 7 +4d—1
For Cobb-Douglas, F(K,N) = K“N1~«
K a—1
Fg(K,N) =« (N)
Frrg(K,N)=ala—1)K* 2N«

KFik(K,N)=a(a—1) <I]§)a_l

a—1
Fi(K,N)+ KFgg(K,N) = o? (g)

K\ 1
Oé(N> :F‘F&—l

_1
%+6—1 o=1
G (- A— N
(0%

1 al,l 1
c+d—1 IR
K™ = <f* > N= <) K*=a™=K* < K*

Thus

a? !
since « < 1. For a = %, aTa = 0.19245. Suppose 3¢ = .9630 = 0.2938 and
6=1. Thenif N =1,
K* = (af®) ™= = 0.0306

Y* = (K*)* = 0.3130

w* = (1—a) <1](V)“ = (1—a)Y™* =0.2086
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. K* a—1
R —a<N> = 3.403

R*K™ =0.1043.

Meanwhile .
K** = (a?B°) 7= = 0.0059

Y = (K**)* = 0.1807

w* = (1-a) ( ¥ )a = (1—a)Y*™ =0.1205

K** a—1
R™ = = 10.209
(%)

R*™ K™ = 0.0602

In the steady state, the capitalist might be better off if he was a price-
taker. However, he presumably cannot get there without losing out during the
transition.

If K**/Y** = 0.1 for a 30-year period,

K (28T

2 pc
Y (28T =a'f

so if a = =,

Wl

. 0.1
B = /37 9(0.1) = 0.9,
s0 B¢, = (0.9)1/30 = 0.996.

The reason efficiency does not arise is somewhat the reverse of Marx’s sur-
plus value argument. If capitalists were price-takers, they would be getting
exploited by the laborers in the same way that Marx argues that laborers get
exploited. When a capitalist increases his capital so the marginal product of
capital equals his discount rate, he does not get the full benefit of all those
incremental increases in capital because he only gets a fraction of total output.

A solution to this problem presumably cannot be obtained by incentivizing
the capitalist to produce more capital. The solution is a more egalitarian
distribution of wealth so no one has pricing power.

So, for example, suppose production is Cobb-Douglas and there is no depre-
ciation. Optimal consumption will be such that the value of giving up the last
unit of consumption equals the discounted value of additional consumption next
period. A price-taker will behave as though the production function is linear
when in fact it is concave.

Consider what happens in a two-period model when

vr(Kr) = In(R(K7)Kr)
and § =1 so

R(K)=aK* !
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Thus
vr(Kr) = In(aK?g).

UT—l(KT—l) = hl(CT_l) + ,80 IH(O[K%)
Croi+Kr=aKp_

LT—l(CT—l) = IH(CT_l) + 5(: 1H(OZ(O(K%_1 — CT_l)a)
In(Cr_1) + f°In(a) + o In(aKF_; — Cr_1)

/ _ af® _
r1(Cr1) = Cro1 aKg_ | —Cpy 0

OZK%_I - CT—l = aﬁcCT_l

aKS%
oot — T-1
=17 + af°
aKgp_ g (a+ azﬂc)K%—1 —aKp_y o2
Kr=aK$ | — = = K$_,.
T aGnp_q 1+Oéﬂc 1+a6c 1+a6c T—1
If on the other hand,
’UT(KT) = hl(RTKT)
Ly 1(Cr—1) =In(Cp_1) + B In(Rp(Rr—1Kr—1 — Cr_1))
1 3¢
Ly (Cpr_q) = — =0
7-1(07-1) Cr-1 Rr_1Kp_1—Cr_
Rr_1Kp_1—Cpr_1 =p°Cr_1
o Ry 1 Kr . oK7
T-1— c - c
1+p 1+p
Rr_1Kr_ B* afB’
Kr=Rr_1Kr_1— = Rr Ky 1= ——K%
T T1K7_1 5 [ g Bl = e K

The price-taker ignores the curvature in the production function.
If there is no separation into labor and capital, then the problem becomes

for a price taker,
’UT(KT) = ln(wT + RTKT)

Ly (Cr-1) =In(Cpr-1) + BIn(wr + Rp(wr—1 + Rr—1Kp_1 — Cr_1))

1 BRT
Lo(Cro) = = 0
7(Cr-1) Cr—1  wr+ Rrwr_1 + RrRr_1 Kr_1 — RpCr_y

wr + Rrwr—1 + RrRr 1 K1 — RpCr_q = BRrCr—

w
wyp—_1 + sz + Ry 1 Kp—1 =14+ 8)Cr—1

wr

1
Croi=—— 1+ Ry 1Kp_1],
T—1 1+ﬁwT1 RT+T1T1
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which in equilibrium is

1 (1—a)K%}
Croi1=—— |K§_ +— 2T
=t 1+ﬂ[ Y

1 o l-«
Cr_1 = m |:KT—1 + KT]

Without price taking, the problem is
vp(Kr) = In(K$) = aln(Kr)

Ly(Cr—1) =In(Cr_1) +aBIn(K7 | — Cr_1)
1 af

L/ C — = — :0
r(Cr-1) Cron K§_,—Cr—
K%—l —Cr_1=0apCr_
KO(
Cp i — 271
T-1 1+ af
Kp=Kp_ ;1 —Cr 1+aﬁKT—1
1 11—« 1 l—a af
1+ ro1t T] 1+ {T“L a 1+a T 1}
1 8 —ap
= 1 K
1+B{ + 1+o¢5} =1
B 1 1+aB+B8—-0aB .,
1+8 1+af =1
1
frnd 7[((1 :C —
1+ap =1 =1

So there is no difference.in equilibrium.

When the capitalist and the laborer are one person, so he still gets the
benefits to the wage that comes from saving more, the linear approximation
works. In the segregated economy, it does not.

Suppose we have n types of agents with endowments e} for ¢t = 0,1 that are
endowed with k} capital. Let p; be the frequency of the ith type so

ZPi =1
i=1
Ny = Zpiei
i=1
Ky =Y piki.
i=1
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Agents of type ¢ maximize
Ui = uilch) + Bui(ch).
subject to ‘ _ _ ‘
¢+ ki =weer + Rekp t=0,1,
where ki =0 for i = 1,...,n. In equilibrium,

wy = Fn (K¢, Ny)

Ry =Fg(Ki;, N)+1-19,

where F' has constant returns to scale.

n

= Zﬂci

=1

n

n n n
C; = Zp [wtei—&—Rtki —kiH] = thpei +Rt2pki —Zpkf;H
i=1 i=1 i=1

=1
= wiNy + R Ky — Ky
== FN(Kt,Nt)Nt+FK(Kt7N)Kt+(1—(S)Kt—Kt+1

Ct = F(Kt, Nt) + (1 - 5)Kt - Kt+1.

Let
I = Ky — (1 - 6) K.

Then
Ct + It - F(KtyNt)-

Li = ui(ch) + Blui(ch) + Nolwoel + Rokfy — ¢y — ki] + Aj[wiel + Rikj —

oL, i i

ac = u;(ch) — Ag =0
oL, i i i
ek = Blui(cy) —A; =0
oL i i

aiki - >\1R1 - )\0 - 0

ui(ch) = B'Ryuj(c}).
Thus , _ 4
ui(cy) = B [Fr (K1, N1) + 1 = 9] uj(ch)

¢} = wiel + Rk}
i i
¢ —wpel

ki =
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cj —wie}

i = woeé + Rok’é

ch +
i C i 16

A social planner will maximize

subject to .
> pci+ Kipy — (1 0)K, = F(Ky, V)
i=1
where .
Ko = Z piko
i=1
and Ky = 0.

D & [uilch) + Brui(ch)] + o | F(Ko, No) = > peh — K1 + (1 — 8) Ko

i=1 i=1
+1y | F(K1, Ny) qu ]
oL,
360 _é-z I(CO) Pilbo =0
oL,
Det —§ﬂ ( )_pi:U’IZO
01
oL,
Tm:—ﬂo—Ful[FK(Kl,Nl)—Fl—(s]ZO

wj(ch) = pittg = pipy [Fic (K1, N1) + 1 = 6] = &ui(c}) B [Fr (K1, N1) + 1 —4].

[t}
But in equilibrium
ui(ch) = B'[Fre (K1, Ni) + 1 = dJui(c}).
We can write A
€ = Xi(CB, Eia Kl)
The key here is that the non-price taker’s problem is not equivalent to a
social planner’s problem in the segregated economy model. The social planner

has to be able to allocate all the output. The price-making capitalist only has
access to the return from capital.
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Suppose that we have a representative-agent with log utility and § = 1. For
an agent who lives T' periods, suppose

UT(K) = Ap IH(K) + D
where A1 = o and D; = 0. The Bellman equation is
vry1(K) = mgxln(C) + AT In(K“ = C).

Thus
L1r1(C) =n(C) + AT In(K* — C)
1 BATp
'IT—‘,-l(C) = 6 - Ka_c
1 BAr
C Ke-C
K*—-C =pArC
KOA
C=—"——.
14 BAp
K*  BAr
1+ BAr 1+ BAr

_ K BAT .,
vr41(K) =1In (HBAT> + BArIn (HﬂATK ) + 8D

=0

K = K“ — K

vT+1(K) = Oz(l + ﬁAT) IH(K) + ﬂAT In (%) — ln(l + ﬂAT) + ﬁDT
AT+1 = Oé(l + ﬁAT)
Dryy = BArln (I—&B—IZTAT) —In(1 + BAr) + BDr

The Ap equation has the solution

_ 1-(ep)”
Ar=a—— 5~
1= (f)T  a-a’B+a’B—a(aB)™  1-(af)TH
_ 2 —_ _
Arr = ata’f 1—af 1—ap @ 1—af
Thus the saving rate in this model is
0[6 1_(0‘:8)T T T
s _ ﬁAT — 1-ap _ aﬂ(]‘_(aﬁ) ) :Oéﬂ 1—(Oéﬁ) <OZB
T IHBAr 1gapRet 1-aBtaf— (@) = (BT

which converges to a3 in the limit as T' — oco. We need af < 1 in order for
the model to converge to K* as T'— oo. Thus we need both o < 1 and § < 1.
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Under the Golden Rule, the saving rate will be «, so the saving rate is always
less than «, and the Golden Rule cannot be achieved in this model.
With more general depreciation rates,

R=aK*1'41-6=1,

SO
aK* =4
Y
S
OéK 5
SO
K_a
Yy §°

Sadly, the analytic solution also goes away if we introduce the capital tax
so we cannot consider the political economy question. This is because we
would need (1 — 7)d = 1 to preserve the analytic solution, which would only
be possible with more than 100% depreciation.

However, perturbation theory might work. Let ¢ =1 —§. Then

vr(K) =In ((a <§>’H i s) K) .

Lr_1(C)=In(C) + BIn ((a (KTE\([C)>Q_ +5> KT(C)>

where .
Kt+1(C) = (Oé (if;) + 5) Kt - C
Ki1(0) = —1
, 1 B oo —1) <KT(C)>O“2 B
() == - - =0
=1 C (KTN(C)) L. N N Kr(C)

Let



1 Ozﬂ 1704& <G(KT_1)CT_1>QE

+
CT,1 G(KTfl) - CT,1 « N N
Let
Croy=cp_q +cp_ye
1—a (G(Kp_ —Cof 1o
Gllr-1)~ch—ch 1o = af (s + e rdp o2 (TEED ) a0

G(Kr_1) = (14 aB)cp_,
Qo _ GKr-1)
T—1 1 + O[ﬁ

G(kau4>c%_1>1‘a

1—
(Lt aB)eh ;= —~ch 1 aa(

N
g ___ L GErygl-a (aﬂG(KTl))la
=1 14a8 1+aB8 7 « 1+ap
C%ﬂ 1= l-a (aﬁG(KT—l))2_a
B a+a?s 1+ ap

Note that if equilibria are not efficient, the business cycle likely exacer-
bates that efficiency, creating a role for policy intervention.
In the context of the full model, the analytic problem has 6 =1, vy, = 1,
% =0, and
N=-H
1+n

The Bellman equation is
v(kf, K;) = maxIn(cf) 4+ Bv(kfy 1, Kiq1)

subject to
cf + ki = R(K)kf

Kipr = (1— ki, (79)
R(K) =« <JKV) . (80)
Let us guess that
(k¢ K) = Aln ( (g)w1 k) +D. (81)
L(¢) = In(c)+p°Aln <a <(1 — “)(R]%K)kc -~ C)) i (R(K)k® — c)) +B8°D

a—1
= In(c) + af°AIn(R(K)k® c)+BCAln< <1N”> ) LD
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ron 1L aBA B
B =2~ gmope =c = °
R(K)k®—c—aBfAc=0
R(K)ke
C(kc,K) = %
RUKKE — ¢ = R ke — JHORT 0BT A o e

C14+aB°A 1+ap°4

c . R(K)kc c O‘BCA c c 1- M ot c
U(k’K)_ln(l—l—cyﬂcz4>+a5 AIH(HOZBCAR(K)k>+ﬁ Aln(a( ~ ) >+5D

Aln (RIK)K)+D = (1+af°A)In(R(K)kY) —In (14 af°A) + af°Aln <%)
+3°Aln ( (1;[”)&1) +6°D
A = 1+a84
A = ﬁ
c ap®
1f—ﬂa;A - 1+11_ﬁﬂ6 =
1+afA=1+ lfﬁacﬁc = 1—1a50
D= # In(1 — af°) + 1(_16556 In(afB°) + 1_% (a (1 J_vﬂ)(H)]
Thus the policy rule is
(k¢ K) = (1 - af)a (ﬁ)al ke (82)
ki, (kf, Ky) = o?° (?)al ki (83)

In equilibrium,
1 M a—1
) =at (1)
In the steady state,

K (1 _M)kc _ 052,86(1 _M)aNl—a(k.c)a _ a2ﬁKaN1_a

2
Y Y Y - Y =
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Note that if « = 1/3,

1

s K s “ = 1)?
Wps _ ( » ) ot = () — 0.57735,
Wpt Kpt 3

so in the analytic case we should get a 43% reduction in wages in the steady
state.

There are two mechanisms by which price setting works. The first mecha-
nism is the direct mechanism that if the capitalist saves more then he increases
the aggregate capital stock too, resulting in a smaller rate of return. The indi-
rect mechanism is that if the capitalist saves more, wages will be higher, so the
laborer will save more.

In a two-period version of the model, only the direct mechanism appears.
In that case,

vr(k, K) = u.(R(K)k).

kr = Rp_1(Kp_1)kr—1—cp_,
Kr = (1-7)sypw(Kr-1)+ (1 — p)kr
L(cp_1) = u(cp_1) + B°u(Rr(Kr)kr)
3 KTR/ (KT) (1 — /,L)k‘T
—— (Rr(Kr)kr) = Rr(K7)+(1—p) Ry (K7)kr = Re(Kr) |1 L
8kT( r(Kr)kr) = Rr(Kr)+(1-p) Ry (Kr)kr = Rr(Kr) |1+ Re(Kr) o
bet K Ry(K,)
tdly t
€ = —/———= 84
t Rt(Kt) ( )
be the elasticity of the rate of return on capital with respect to capital and let
1—p)k
o = L (85)

be the fraction of the capital stock owned by the capitalist. Then the Euler
equation becomes

ug(cp_1) = B°Rr(Kr) [1 + errr]ug(cr) =0

u(cs_y)

u/c(c%) = ﬂcRT(KT)[l + ETHT].
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If the capitalist has CRRA utility, this simplifies to a result for the growth rate

of consumption:
c5
T

= (B R (K[t +epnr]) (36)
T-1

The elasticity e; is a function of the curvature of the production function:

(1 — T?)KtFKK(Kt, Nt)

T (- ) (Fr(Kn N - 0)

g = 1_11_ i K/ Fr (K, Ny)
1+(1—T’:)(F% Fr (K, Nt)

g = (1 - 7M)Fr (K, Ny) K¢ Free (Ky, Ny)

R(K%) Fr (K, Ny)
For the case of Cobb-Douglas production,

Kt>oz—l
Fi(K,N,) = o=t
e M) = oy
a—1a (K N\
P ) = R ()
t t

R(Ky) — (1 - (1 71F)d)
R(Ky)
The more the capitalist owns of the capital stock, the bigger the deviation there

will be between price-taking and price-setting behavior. Likewise, if 7F = 0
and § =1, then e, = —(1 — ). If 5, =0, then we get

er=—(1-0a)

(87)

C
Cr

= (af°Rp(Kp))/e. (88)
T—1

That is presumably when the effect is largest. When «, = 1, this also corre-
sponds to the analytic case.

The deviation is larger when the capitalist owns more of the capital stock,
but also when the share of capital is low. The production function is more
curved when the share of capital is low.

Note, however, that if we define

C
Cr

= (B°Rp(Kr))'/ e
Cr—1

(B°Rr (K1) = (8°Re (K1)[1 + errr]) /e

; lIl [BCRT(KT)] = 11’1 [6CRT(KT)] + i 111(1 + €TI*€T)

C c
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~ In [3° Ry (K7)] _ Ye

Ye = c - n K
In Ry (K1) + % In(1+erkr) Yo+ %
i _ i ln(l + 8THT)
Ve Ve In[B°Rr (K1)

Note that ez < 0, so the denominator is smaller than the numerator. Thus the
apparent elasticity of intertemporal substitution will be less than ’vi

6 Price-Taking Behavior
For comparison, if the capitalist was a price taker, then we would have
L(ctr_y) = u(cr_q) + Bu(Rr(Rr—1k7_1 — ¢1_1))
L'(c¢r ) = (¢7_1) 7 = B°Rp(Rr(Rr—1kf_y — ¢ 1)) =0

¢5_1 = (B°Rr) Y7 (RrRr_1k§_| — Rpc§_,)

Let
@5 = (B°Ry )7V

1+ ¢7)cr_y = ¢ Rr 1k

C ¢C C

r-1= T3 g8 +T¢% Ry _1k7_4
Ko = —Rr ik
7=y ge -1k

Ky = psi(1 = m)w(Kr—1) + (1 — p) Ry 1(Kr—1)kT_4

1
1+ ¢7(Kr)
For the case where 7, = 1, we are done. More generally, we would have to solve
this for K.

More generally, let
ve(ky) = My In(kf) + Dy,

where My = 1.
Li(cg) = In(c) + B [Myy1 In(Reky — ¢f) + Dy

l _ M =0
c§  Riki—c§
Rtktc - Cg = BCMt_i_ng
e RukY
Ct = T aens
1+ B8°Miy1
B M1

kS = —— """ RS
LTI My
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Rik§ B M1
U ) e I [ Lt
1+ﬁMt+1> 4 t+1n<1+5Mt+1

M;In(kf) = (14 f°M;q1) In(kf, ;)

Ut(kf) =1In ( Rtktc) + ,Bth+1

. 1— c\T—t+1
My =14 M1 = iﬁ_)ﬁc
1— c\T—t
Mt+1 = 1(_6/3)(:
_ (Rpe\T—t _pBe ¢ _ (pe\T—t+1 _ (RE\T—t+1
P () L A3 L () L e
1-p5 1-p5 1-p5
1
C? = MRtkg
So for example,
c Rtktc

T2 T BT (B
If kf = kf,q, .
¢r1 _ 1+B°+(89)?
CT_o 1+p°

1-G+(1-G)B +(B)*=0

=G

G-1+/(1-G)?2-4(1-G)

e = 5
_ G-—1+vVG2—-2G+1—-4+4G
o 2
. G-1+/01-G)(1-G-4)
o 2
. G-1+/(G-1)(G+3)
a 2

Since G > 1, (G — 1)(G + 3) > (G — 1), so only the positive root is positive.

go_ G=1+VG-DGF3)
2

Interestingly, the price-setting capitalists end up with a smaller share of
wealth than the price-taking capitalists.
When we converge to the infinite horizon, the price-taking capitalist’s prob-
lem will be
v(ki, K¢) = maxIn(cf) + Bv(ki}q, Kiqr) (89)

subject to
i1 = R(K kD —cf
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where Ky is known. Let
v(ky, K¢) = M In(k;) + G(Ky)

L(c) = In(c}) + B°M In(R(Ky)ki — ¢f) + B°G(Kiy1)

[ TR
cf R(Ky)kf —cf
¢ = R(Kt)kz(‘:
14 8°M

C ﬁCM C

ki, = mR(Kt)kt

v%ﬁKﬂzm(mew>+ﬂ%ﬂn<x¥M RM@%)+&GM@Q

1+ M 1+ 5°M
Mn(ky) = (1+ B°M)In(kf
M=1+p°M
1
M = -5
cf = (1= B)R(K)ky (90)

In the steady state,
k¢ = R(K)k® — ¢°
SO
¢ =(R(K) — 1)k,

meaning the capitalist just consumes the interest on his capital.

7 Calibration

If we assume ey = 1, e; = 0, and 7! = 4¢ = 1, then our remaining parameters
are pu, 3°, B, 7, o, and 6. We can calibrate & = 1/3. The capitalists should be
1% of the population. The total population is 2+ 1 — g = 1 + u, so we want

]_ _
T HE o1
1+ p
1—p = 0.01(1+p)
099 = 1.0l
0.99
= 227 _ 0.0802.
H 1.01
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Then we can calibrate n so that 1 — g = %, where we assume laborers work
a 40-hour week. To start with a no-government model, we can calibrate J to
match % = 0.75 and 8¢ and ' to match % = 3 and the fraction of wealth

owned by capitalists, k = % = 0.3, as reported by Piketty (2014).

S _ 144
0 1+ﬂl77n
(1+8n=(1+8m

n=(1+p(1-n)n
B n

1+ 81 —n)

This may be an artifact of the special case here, but the steady state R
seems to be largely independent of u, so the laborer’s welfare is also largely
independent of u. The capitalist’s welfare, on the other hand, is very sensitive

to p. Note that in the price-taking case, R* = 1/, so the laborer’s welfare is
completely independent of u.
In the steady state,

Ui

K —p(1 —71p)sw(K)
I—p
_ B
§= 7
1487
Thus an equilibrium is only possible if

ke =

K > pu(l—7)sw(K).
Ifwefixn=1-1,

Thus we need



1

l
S TR o

In the no-tax equilibrium with % = 0.1, we need

1

. = 0.176.
210 -1

gl <

On an annual basis, this upper bound is 0.9438.
If B is sufficiently high relative to 3¢, ki — 0. If kf — 0, in the steady
state
K* = p(l —71)sw(K™)

K= 1= mpsi- o) ()

(K*)lfa _ N’(]‘ - 7'[)8(]. - Oé)
N(X
*\a—1 _ N

(K7) o w(l —7)s(l — )

(K*)“‘l B N B Ly B 1 1+ 8
N) TR (gl G-mi-a) g
w\ a—1
R = « ([J(\f ) +1-96

1 1+ 46
= a +ﬁ+1—5.
l—Tll—Oé ﬁl

In the limit where k¢ is very small,
Ko ~ B RKE

Thus if 8°R* < 1, we can get kf — 0. This will happen when

C[ 1 a 1+p

1-6| <1.
1-711—« ﬂl * ‘|

1 a 1+
l-7ml1—« ﬁl

(1+) ) <) =143

l1—«

+1-4§< (89!

1 «

1—7‘11—@

1+ t<(1-m7)

- 1
S T = R R .

[(B)~" = 1+6]
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For 3¢ = 1, this upper bound is

1
(=) -1

If o =1/3,

11—«

(1—7’[) 6 <2

so the upper bound will be bigger than 1, keeping in mind that B> 1is possible,
but we would need 8! > .

Note that this is not a proof that if 8' > E then kf — 0. But if B < E,
ki — 0 is not possible.
The Bellman equation in the infinite horizon for this special case simplifies

w =(1- u)ﬂ%} (k2 K7). (93)

to

I suspect that c¢ is proportional to (1 — p)~! and %(ki,f(*) reduces to a
function of K*, so that (93) determines K* independently of p.
In a steady state, we must have
K* = pu(l —1)sw(K*) 4+ (1 — p)kk.
We must also have
ce = (R(K™) = 1)k;.
_ B
s= i
1+ 8
144
N
1+ 8
K* 1-7 By K*\“ k*
n 1+ ﬁ n

1+6'n
K* l K* [e] L*
= -na-a () v a-nf

N=upu

1+8 \ N N
. o N B B (KT
i = (R(K) 1)1_M[N (1-m)a )HBl(N”
’UT(kT, KT) = ID(R(KT)]CT)
If p
v(k, K) = V(k, R(K),w(K)) =V (k N) ,
then ) ov K\ 1
9K ~ 9 () (k’N>N



Variable PT PS % Change

Y 0.0823  0.0761  —7.547%
(K/Y )ann  3.488 2.974 14.728%
Tann 3.627%  4.166%  14.857%
K 0.3228  0.2059  —36.229%
¢ 2.9571  1.8679  —36.834%
Ue 1.6513 09516  —36.834%
ch 0.0488  0.0451  —7.547%
c 0.0189  0.0204  8.018%

U! —0.9803 —0.9950 —5.841%

Table 1: Steady-State Observables with both price-taking and price-setting cap-
italists for the baseline calibration.

Within the accuracy of my current approximations, g—}g(k*,K *) does appear
to be proportional to N~!. If that is the case, then this conjecture could be
correct. Likewise, c} appears to be proportional to £-.

For the calibration described above, steady state observables for both the
price-taking and price-setting equilibria are given in Table 1. The percent
change from the price-taking to the price-setting equilibrium is also reported.'?

Note that both the laborer and the capitalist suffer utility losses in the
price-setting steady state. Indeed, the utility loss of the capitalist is much
larger than for the worker. Pareto-improving transitions do exist that can take
both capitalists and laborers from the price-setting steady state to the price-
taking steady without anyone losing. =~ However, these require interventions
that go outside of what is possible in free markets. Once they are in the
price-taking equilibrium again, the capitalists would have the same incentive to
take advantage of their market power to get a short-term utility boost. This
is shown in Fig.1, where the consumption of the capitalist both in the price-
taking steady state and during the price-setting equilibrium transition from the
price-taking steady state to the price-setting steady state are both displayed.
The capitalist’s consumption is only higher in the period when he first deviates
from the price-taking equilibrium, but the utility loss from lower consumption in
later periods is discounted. The magnitude of the difference in utility between
the two equilibria, both per period and cumulative, is also plotted in Fig. 1.
How the laborer’s consumption varies during the transition is shown in Fig.
2. Notice that the initial cohort of old workers benefits from the capitalists’
price setting just as the capitalists do since the rate of return on their capital
increases. They are already retired, so the effect on wages does not impact
them. For everyone else, the resulting decrease in wages causes a loss of utility
that eventually reaches the equivalent of 6% of consumption in the price-taking
steady state.

In Fig. 3 we show for price-taking equilibria calibrated so K/Y = 3 (in an-

3For U® and U!, the reported percentage change is actually in the percentage change in
equivalent consumption from the price-taking equilibrium.
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Figure 1: Capitalist consumption and utility during transition from price-taking
to price-setting steady state for the no-tax baseline calibration
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nual terms) how output, capital, and the laborer’s utility (in terms of equivalent
consumption) would decrease if capitalists were eliminated from the economy as
a function of the the fraction of capital x initially owned by capitalists. Note
that 8¢ is fixed by the choice of K/Y. However, B must be set for each value
of k according to

B = ey (94)

Y*
Ton 17 L

which is derived in Appendix A.

The capital stock always decreases by a greater percentage than r.since
capitalists always save more than laborers. The discount factor for laborers that
would yield a capital-output ratio of 3.0 if there were no laborers is ' = 0.176 <
B¢ =0.3. (In annual terms, these would be 0.944 and 0.961 respectively.) If
the capital-output ratio of 3.0 can only be achieved with capitalists, the laborers
will be even less patient. Thus for all x € [0,1], 8' < 5°.

Output and laborer’s utility, on the other hand, decrease by a smaller per-
centage than k. For our baseline value of k = 0.2, output would decrease by
10.6% and laborer’s utility by the equivalent of 8.1% under this experiment.
For Piketty’s (2014) larger value of k = 0.3, output would decrease by 16.3%
and laborer’s utility by 13.1%.

8 Political Economy

Now let us consider what happens when we introduce taxes into the model.

8.1 Price-Taking Capitalists

First suppose the capitalists are price-takers, so we know that in the steady
state
B+ (1 —7%) (Fr (K

pty

Np) —0)] =1. (95)

If we assume the worker has preferences (33) such that Ny, is fixed and

F(K,N)=Nf <J[§>

()5

K* L1
)=+
Nyt 1—7

then

1—7k

1
Ky =Ny (f)7 (561 + 5) (96)
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Figure 3: Percent change in output, capital, and laborer’s utility (in terms
of equivalent consumption) if price-taking capitalists are eliminated from the
economy as a function of the fraction of capital x initially owned by capitalists.
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dr g(x)
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Then
(kh)" = (1= m)sw(K;,)
and

o Ko (k)" Ky — (1l = )sw(Ky)
pt 1 _ /1’ 1 _ /~L

In the case of price-taking, we find in the baseline calibration with v¢ = 4! =
1,a=1/3,5 =1.0, K/Y = 3 (in annual terms), x = 0.2, and G/Y = 0.15 that
the standard result that capital taxes should be set to zero actually holds. Fig.
4 shows how welfare, measured as the change in equivalent consumption for the
case when 7% = 0.13 (and capital taxes contribute 20% of tax revenue) varies
for both capitalists and laborers as a function of the capital tax rate 7% while
setting 7! to maintain the same G. The increase in the capital stock and wages
that results from a lower tax on capital more than makes up for the increased
tax on labor. However, laborers gain considerably less than capitalists. If
capital taxes are only contributing 20% of tax revenue, the gain for laborers is
equivalent to 0.4% of consumption. If they contribute 10%, the gain is only
0.1% of consumption. In contrast, if capital taxes contribute 20%, the gain for
capitalists would be equivalent to 75% of their consumption.

However, the transition is not Pareto-improving. Some laborers experience
a welfare loss equivalent to 5% of consumption as is shown in Fig. 2.

Deficit spending can be used to smooth out the loss of revenue so labor taxes
do not have to be raised before wages start to rise. However, it is necessary
for the government to build up some saving first. If the government simply
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Figure 4: Compensating variation for capitalists and laborers as a function of
the capital tax rate for the baseline calibration with taxes.
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Table 2: Transition for immediate elimination of capital taxes for baseline model

Tk

0.13
0.13
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Tl

0.179
0.179
0.224
0.226
0.224
0.222
0.220
0.218
0.216
0.216
0.215
0.214
0.214
0.214
0.214
0.214
0.214
0.214
0.214
0.214

k

0.765
0.765
0.765
0.842
0.941
1.039
1.123
1.189
1.238
1.273
1.296
1.311
1.321
1.327
1.331
1.334
1.335
1.336
1.338
1.338

K

0.0076
0.0076
0.0076
0.0075
0.0076
0.0078
0.0081
0.0083
0.0085
0.0086
0.0087
0.0087
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088

R

3.00
3.00
3.30
3.35
3.31
3.24
3.18
3.12
3.08
3.05
3.04
3.02
3.01
3.01
3.01
3.00
3.00
3.00
3.00
3.00

Awat
0.00%
0.00%
—5.45%
—6.41%
—5.67%
—4.41%
—3.16%
-2.11%
-1.31%
—0.73%
—0.34%
—0.07%
0.10%
0.21%
0.28%
0.33%
0.36%
0.37%
0.40%
0.40%

with price-taking capitalists and a balanced budget.
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Ac,
0.0%
0.0%
10.0%
23.0%
35.7%
46.8%
55.4%
61.8%
66.3%
69.3%
71.3%
72.6%
73.5%
74.0%
74.3%
74.5%
74.6%
74.7%
74.8%
74.8%

cf

0.036
0.036
0.034
0.034
0.034
0.034
0.035
0.035
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036

‘i

0.018
0.018
0.020
0.019
0.019
0.019
0.019
0.019
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018

cV
0.00%
1.40%
-3.91%
—5.06%
—4.59%
—3.61%
—2.59%
—1.72%
—1.05%
—0.56%
—0.23%
0.00%
0.14%
0.24%
0.30%
0.34%
0.36%
0.38%
0.40%
0.40%

AY
0.00%
0.00%
0.00%
—0.79%
—0.18%
0.85%
1.88%
2.75%
3.40%
3.88%
4.20%
4.42%
4.56%
4.65%
4.71%
4.75%
4.77%
4.78%
4.80%
4.81%



[
— DN

0O Ut W~ O

NeJ

10
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13
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Tk

0.13
0.13
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Tl

0.179
0.179
0.203
0.318
0.232
0.221
0.216
0.214
0.214
0.214
0.213
0.213
0.214
0.214
0.214
0.214
0.214
0.214
0.214

D

0.0000
0.0000
0.0000
0.0011
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

k

0.765
0.765
0.765
0.842
1.028
1.214
1.300
1.334
1.345
1.347
1.346
1.344
1.342
1.341
1.340
1.339
1.339
1.338
1.338

K

0.0076
0.0076
0.0076
0.0065
0.0069
0.0080
0.0085
0.0087
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088
0.0088

R

3.00
3.00
3.30
3.67
3.54
3.21
3.08
3.02
3.00
3.00
3.00
3.00
3.00
3.00
3.00
3.00
3.00
3.00
3.00

Awat
0.00%
0.00%
—2.87%
—21.06%
—9.61%
—3.85%
—1.22%
—0.11%
0.32%
0.46%
0.49%
0.48%
0.46%
0.44%
0.43%
0.42%
0.41%
0.41%
0.40%

Ac,
0.0%
0.0%
10.0%
34.4%
58.6%
69.9%
74.4%
75.8%
76.0%
75.8%
75.6%
75.4%
75.2%
75.1%
75.0%
74.9%
74.9%
74.9%
74.8%

cf

0.036
0.036
0.035
0.028
0.033
0.035
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036
0.036

Table 3: Transition for immediate elimination of capital taxes for baseline model
with price-taking capitalists and borrowing to defer increasing labor taxes for
one period.

93

0.018
0.018
0.020
0.022
0.017
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018
0.018

v
0.00%
1.40%
0.00%
—19.14%
—8.70%
—3.49%
-1.11%
—0.09%
0.31%
0.44%
0.47%
0.47%
0.45%
0.44%
0.43%
0.42%
0.41%
0.41%
0.40%

AY
0.00%
0.00%
0.00%
—5.049
—3.41Y
1.32%
3.47%
4.39%
4.74%
4.86%
4.88%
4.87%
4.86%
4.84%
4.83%
4.82%
4.82%
4.81%
4.81%
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T$ 7'2 7l D k K R¢ Awgy Ace

-2 013 0.13 0.179 0.0000 0.765 0.0076 3.00 0.00% 0.0%
-1 013 0.13 0.179 0.0000 0.765 0.0076 3.00 0.00% 0.0%
0 0.17 0.13 0.186 0.0000 0.765 0.0076 2.92 —0.88% —2.8%
1 0.00 0.00 0.199 —0.0005 0.744 0.0080 3.19 —-0.77% 3.3%
2 0.00 0.00 0.200 -—0.0005 0.791 0.0081 3.16 —-0.56% 9.0%
3 0.00 0.00 0.192 -—0.0006 0.834 0.0083 3.12 1.21% 13.3%
4 0.00 0.00 0.201 —0.0004 0.867 0.0083 3.12 0.14% 17.8%
) 0.00 0.00 0.204 —0.0004 0.901 0.0083 3.13 —-0.41% 22.8%
6 0.00 0.00 0.204 —0.0003 0.940 0.0083 3.12 -0.39% 27.9%
7 0.00 0.00 0.205 —0.0003 0.979 0.0084 3.11 -0.24% 32.5%
8 0.00 0.00 0.205 —0.0003 1.014 0.0084 3.09 0.04% 36.6%
9 0.00 0.00 0.205 —0.0003 1.045 0.0085 3.08 0.32% 40.0%

10 0.00 0.00 0.205 —0.0003 1.071 0.0086 3.06 0.55% 42.8%
11 0.00 0.00 0.205 —0.0003 1.092 0.0086 3.05 0.72% 45.1%
12 0.00 0.00 0.205 —0.0003 1.110 0.0086 3.04 0.85% 47.1%
13 0.00 0.00 0.205 —0.0003 1.125 0.0087 3.03 0.93% 48.7%
14 0.00 0.00 0.205 —0.0002 1.138 0.0087 3.03 0.97% 50.2%
15 0.00 0.00 0.206 —0.0002 1.149 0.0087 3.03 1.00% 51.5%
20 0.00 0.00 0.207 —0.0002 1.192 0.0087 3.02 0.91% 56.7%
30 0.00 0.00 0.211 -—0.0001 1.260 0.0087 3.02 0.48% 65.5%
40 0.00 0.00 0.214 0.0000 1.325 0.0088 3.01 0.20% 73.7%
50 0.00 0.00 0.214 0.0000 1.338  0.0088 3.00 0.40% 74.8%

Table 4: Pareto-improving transition resulting in elimination of capital taxes
for baseline model with price-taking capitalists.

borrows to defer the increase in labor taxes, laborers end up being much worse
off as is shown in Table 3.

In order to eliminate the capital tax in a Pareto-improving fashion, it is
necessary to raise taxes on capitalists before eliminating taxes. This transition
is shown in Table 4.

9 Conclusion

A good chunk of what we thought we knew about macro—anything built around
the assumption that we can model the macroeconomy as a price-taking general
equilibrium—is going to be subject to revision in the light of these results. For
example, the equity premium puzzle (Mehra and Prescott (1985)), which was
already looking rather unproblematic with the rise of behavioral economics,
may not be a puzzle at all if the biggest asset holders rationally deviate from the
standard Euler equation. The same may hold for puzzles regarding international
capital flows.

One puzzling feature of the model is that while reverting to price-taking
behavior is not Pareto improving, Pareto-improving transitions from the price-
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0.00%
0.00%
0.00%
0.00%
0.00%
1.78%
0.76%
0.18%
0.12%
0.20%
0.40%
0.61%
0.79%
0.92%
1.01%
1.07%
1.10%
1.11%
1.00%
0.55%
0.23%
0.40%

AY

0.00%
0.00%
0.00%
1.70%
2.09%
2.81%
2.84%
2.65%
2.75%
2.98%
3.27%
3.55%
3.78%
3.97%
4.12%
4.23%
4.31%
4.37%
4.50%
4.54%
4.64%
4.80%



setting steady state do exist. Why do capitalists not promote them? I would
speculate the answer is because they do not trust the government to get the
transition right. Improving welfare for laborers is easy. Just increase the cap-
ital stock and compensate the initial old for the lost interest rate, and laborers
will be better off. But this can only be accomplished by forcing capitalists
to save more now. If the government knows the preferences of capitalists’,
capitalists can be rewarded to compensate them for their initial sacrifice, like
with any profitable investment. But the government probably does not know
their preferences that well. In particular, capitalists are likely more patient
than economists usually assume. Also, there is a commitment problem. What
guarantee is there that future generations will live up to the promise of compen-
sating capitalists in the future? The government might just ask the capitalists
to make additional sacrifices with promises of rewards in the farther future.
The intrafamily bargaining problem will also complicate the situation since the
present generation of capitalists is being asked to give up consumption now so
that future generations are better off.

There are several avenues along which we would like to generalize the model.
Ideally, instead of 2 types, capitalists and laborers we would have three types,
capitalists, high-skilled labor, and low-skilled labor as is discussed in Feigen-
baum (2018). The share of capital is fixed in the present stylized model since
we have a Cobb-Douglas production function. With a KORV (2000) type
production function, we could model the interaction between skill-biased tech-
nological change and price-setting behavior by capitalists. This may perhaps
account for the rise in the share of capital documented by Piketty (2014).

Note that the model takes the inequality here as exogenous so it does not
offer any insight into how this inequality might be reduced other than to suggest
policies that would reduce the concentration of wealth among a small group of
potential price-setters.

One of the shortcomings of efforts to employ the CKR framework as a growth
model is its robust prediction that the capital-output ratio is dictated by the
generational discount rate when we see such a wide variation in the capital-
output ratio across countries. Tiny variations in the per annum discount rate
amount to huge variations in the per generation discount rate. Effectively, the
CKR explanation for variations in K/Y is that some cultures value their kids
more than other cultures, which is problematic for a variety of reasons. In the
segregated-economy model, the steady state value of K/Y is determined not by
one preference parameter but instead by the distribution of several preference
parameters across the population, which leads to a distribution of saving rates.
Given that we observe a wide variation of saving rates both within and between
countries, the segregated-economy model offers a much richer landscape of pos-
sible K/Y values even if we assume capitalists around the world all value their
children the same.

What happens if some capitalists are price setters and some are price takers?
The steady-state conditions for the two types would not be compatible if they
have the same generational discount factor. The price setters would presumably
disappear just as they would if the laborers are too patient. Likewise if the
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price takers are more patient than the price setters. So the two types could only
coexist if the price setters are sufficiently more patient than the price takers.

If capitalists do engage in price-setting behavior, how can policymakers com-
bat this to restore efficiency to the economy? The most obvious solution would
be for the government to invest in capital, though history makes one wary about
going down this road, which can create more problems than it solves. Bruenig
(2018) has proposed the creation of a social welfare fund that would be shared
by all citizens that would pay dividends that serve as a universal basic income.
Something similar already exists on a small scale in Alaska where some portion
of oil revenues are shared by the citizenry. However, I do not wish to minimize
the difficulty of generalizing such a fund to the scale that would be necessary
to combat price-setting by capitalists so I will leave any detailed discussion of
possible solutions to future work.

Another, possibly more politically feasible, alternative might be a progressive
consumption tax as in Raei (2018).

A Calibrating the Price-Taking Equilibrium with
Log Utility for Capitalists

Suppose 7. = 1. Then for the price-taking version of the segregated economy,
we will have the simple policy rule

ki = B R(Kp)ki
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RIEDK = 5
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_ (1—5C)R(Kt+1)ﬂclctﬂc
= B°R(Kiy1)ci.
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