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Abstract

Altruistic dynasty models in which family members care about the consumption or utility of other
family members can account for the existence of inter vivos transfers and intended bequests between
family members, but they struggle to match the quantitative properties of data regarding these gifts.
For example, dynasty models predict that families should undo any exogenous transfer between family
members (such as Social Security) with a countervailing endogenous transfer, but this is not observed
empirically. Here we consider a simple generalization of the two-period overlapping generations model
in which both the parent and the child care about the other family member’s consumption, and the
net transfer between them is determined by cooperative bargaining. While this model nests altruistic
dynasty models, more generally we find that transfers only occur when the parent to child wealth ratio
is above or below certain thresholds. If the parent and child have reciprocal feelings towards each other,
transfers will only happen when one party is extremely poor relative to the other.
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We study to what extent augmenting standard overlapping generations (OLG) models with inter vivos
transfers alters the key insights we have learned from such models. OLG models are workhorse models for
studying a wide array of topics, such as the wealth distribution (Cagetti and DeNardi 2006, 2009, DeNardi
2004, Yang 2005), entrepreneurship formation (Cagetti and DeNardi 2006), welfare effects of the Great
Recession (Glover, Heathcote, Krueger, and Rios-Rull 2011), and life cycle dynamics of consumption and
saving (Bullard and Feigenbaum 2007), among others. A common feature of the canonical OLG model is
that, apart from bequest motives, households in each generation are modelled largely as maximizing only
their own welfare. Although bequests are a significant component of intergenerational transfers, they are
by no means the only transfers. In particular, bequests are typically one-way transfers—from parents to
children—and only take place at the end of the life cycle. Meanwhile, inter vivos intergenerational transfers
between living members of a family are quite common. For example, Kaplan (2010) documented that young
adults under financial pressure often move back to live with their parents so they may economize resources
spent on rent, utility and food. Moreover, ample anecdotal evidence suggests that elderly parents often get
financial and in-kind transfers from their adult children.

With the seminal contribution of Barro (1974), students of OLG models came to the realization that finite
lives may not have any implications for the capitalization of future tax liabilities if generations are linked by
a chain of operational intergenerational transfers. In a similar spirit, we ask what happens if households of
different generations living concurrently in the same family intrinsically care about each other’s welfare and
engage in inter vivos transfers. To what extent would an otherwise standard OLG model behave like a model
with infinitely-lived consumers and how would the key results derived from typical OLG models change?
This is a quantitative question, the answer to which depends crucially on the strength of intergenerational
welfare linkage and the way in which transfers are determined.

A key innovation of our model is that we allow inter vivos transfers to be state-dependent and to happen
in both directions—parents transferring resources to children and children transferring resources to parents.
Accordingly, the size and direction of the transfer is determined in a Nash-bargaining setup. We show that
earlier intergenerational transfer models, such as Altonji, Hayashi, and Kotlikoff (1997), can be nested in
our Nash-bargaining model with specific parameterizations of the bargaining power between generations.

To gain insight into the mechanism of such an intra-family intergenerational Nash-bargaining model, we
focus here on a study a stylized model in which each generation lives for two periods, coexisting first with their
parents and then in the second period of life with their children. We present analytical results for the cases
where either the parent or the child has all bargaining power and show that such models are observationally
equivalent to those of the altruistic model, which in turn implies results observationally equivalent to those
of models with infinitely-lived consumers such as Aiyagari (1994). We next turn to the more interesting case
where both the parent and child have some bargaining power. If neither generation has complete bargaining
power, the model will generally behave differently from models with infinitely-lived consumers unless parents
and children both assign the same relative weight to utility from each generation. Also, Nash-bargaining
implies that transfers only occur when the parent-child wealth-ratio is far enough from unity that a transfer
will increase the welfare of both the transfer recipient and provider. One surprising result is how the family
responds to exogenous transfers from the child to the parent as described in Altonji, Hayashi, and Kotlikoff
(1997). In an altruism model like Barro (1974), the allocation of consumption to the parent and child only
depends on the total wealth of the family, so the family should respond to such an exogenous transfer by
undoing it. In the present model with bargaining, we find that the apportionment of wealth between the
parent and child matters. If the disparity of wealth between the parent and child is small, they will not
undo the exogenous transfer. When the parent to child wealth ratio exceeds a threshold level, however, the
parent will provide a countervailing transfer that more than undoes the exogenous transfer from the child
to the parent.



1 The Model

We consider a two-period overlapping generations model. Every household has one child household.! When
young, a household coexists with its parents. When old, a household coexists with its children. Each chain
of households defines a dynasty with intergenerational links similar to Yang (2005).

A household in dynasty ¢ born at time ¢t will maximize

u(cy ) +vp(cy 1) + Blulctine) + ve(Chin 1)) (1)
subject to
i i i i
Cip T+ bt+1 = Yt Ty
i i i i
Cir1t T Tig1 = Ypypra T Rb
i i i i i
Ca—1 Tt = Ty 1 =Yg+ Rb;
i i i i
Cit1,441 T bio = Y141 T Te41

where ¢ , is consumption at time ¢ of the household in dynasty i born at time s; y; , is the income at time
t of the household in dynasty i born at time s; b is the saving of the household in dynasty i born at ¢ — 1;
7t is the transfer from the parent in dynasty i to its child (which could be negative) at time ¢; and R > 0 is
the gross interest rate. The household’s own period utility function is u(c), the utility that it gets from its
parent or child’s contemporaneous consumption is v(c), and 8 > 0 is the discount factor.

Let us suppose that we have consumption functions Ci’s(’]’i/) expressed as a function of the transfer at
time ¢/, the details of which will be specified below. Then 7¢ is determined by Nash bargaining with a threat
point of no transfer, which is always feasible if the expected transfer next period is not too large.? Thus we
maximize

LN(r3) = [u(ch e (7h)) +velch o (11) — ulcy—1(0) — velcy 4(0))]°
x[ulcy o (1)) + vp(cp -1 (7)) + BlulCii 1 (7)) + velCipr 41 (7))
—u(cf 4(0)) = vp(cyp—1(0)) = Blulciyr(0)) +veletyy pgr (O], (2)

where 6 is the relative bargaining power of the parent and 1 — 0 is the relative bargaining power of the child.

To define an equilibrium we will have to specify a bargaining mechanism to determine the transfer between
each contemporaneous pair of generations.

We assume income is nonstochastic with y; s = yz—s for t =s,s+ 1.

The policy functions for a young household in dynasty ¢ at period ¢ will be a function of the parent’s
wealth zj, ;. We will need to solve for consumption functions ¢; ,(z}, ,), ¢}, 1(x}, 1), a bond demand

function bf, , (z}, ;), an expected transfer function ?i+1($i,t—1) and a transfer function 7}(z}, ;). A young
household solves its problem with the expectation that the transfer when old will be governed by 7, ;. In
a rational-expectations equilibrium we must have

Ft+1(33i,t—1) = 7'2-5-1(91 + Rbi+1(mi7t_1)) (3)

i
for all Tfpoq-

!We may wish to generalize the model for the case where the number of children is stochastic as in Feigenbaum (2011).
However, that will require an agent-based model.

2We have to adjust the threat point for the case where the expected transfer is larger than the child’s present value of wealth.
This will only happen when the parent’s wealth is very large. See below.



We compute an equilibrium according to the following algorithm. Given Fi +1(93§,t71)7 for each possible
state xi,tq we solve the young household’s problem for E;t(ﬁ) and 5§+1(T§) Then Ti(xi’tfl) is determined
to solve the bargaining problem between the young and old household at ¢. The next iteration of Fi +1(m§7t71)
is then computed according to (3).

Let u(c) be CRRA with risk aversion v > 0 and let v;(c) = x,u(c), where x; > 0 for i = p, c.

We also assume that yj ; = ;. Given 7} and 7}, ,, the household born at ¢ will maximize

u(cye) + Bu(cig,e)

subject to
cit+bip1r = yo+7y (4)
Ciy1e +Ti41 = Y1+ Rb (5)
Thus
L(bey1|7e, Te41) = w(yo + 7¢ — beyr1) + Su(yr + Rbyep1 — Tq1)
dL(byy1|T¢, T _ _
( t+1| t t-‘rl) — _(yO + 7 — bt-‘rl) v +/8R(y1 +Rbt+1 _ Tt-‘rl) Y =0
dby 11
Yo + 7t — bir1 = (BR) ™Y (y1 + Rbi1 — Ty41)
Define
¢ = (BR'")7/ (6)
-7
Yo+ T —bip1 = ¢ (w + bt+1)

(14 @)bey1 =yo + 7 — %(yl —Tt41)

Thus the bond demand as a function of the transfers is

bt+1(7ta7t+1):ﬁ |:y0+7t_§(yl_7't+1):| . (7)

The consumption functions are

1
Ctt(Te, Ter1) = Yo + Tt — b1 (Te, Teg1) = Yo + Te — T30 [yo + 7T — %(yl - Tt+1):|
Ctt(ﬁﬂ't-;—l):l yo-i-Tt-‘rw (8)
’ 1+¢ R
R 0
Ciyit = Y1 — Ti41 + Bby1 =1 _Tt+1+m Yo+ Tt — E(Zﬂ — Ti41)
1
p— — 1 J— J—
1+ 6 [R(yo +7¢) + (1 4+ & — d)(y1 — Te41]
R —T
a1t (Te,Tes1) = 5o [yo + 7+ letH} (9)
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Having solved for the consumption functions, let us guess at 7441 and compute 7, that maximizes (2).
In a symmetric Nash equilibrium, we will have 7, = 7447 = 7. The parent at ¢ will have cash on hand
Z¢t—1. Holding 7441 and 7.y9 fixed, the utility gain of the parent will be

R (= e [ )

1= _ _
Ug)(Tt) =Uu (act’t,l — Tt) — (xt,t,l) + (1125) Xc |:’U, <y[) + Tt + lej—tH> —u (y() -+ ylnj—tﬂ>:| .
(10)

The utility gain of the child will be

R —
Uif(te) = <1f¢{yo+7't+y Tt+1]>—|—ﬂ (1+¢{y0+7—t+ylﬂft+l}>

-7
XU (Te -1 — Te) + BX ( |:y0+7't+1+y1 Rt+2}>

1+
¢ Y1 — Ti+1
_“(1+¢{y°+ ) (Haﬁ{y‘)* R D

-7
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Note that

Thus the utility gain of the child simplifies to

ztr) = @ro ) o (bt BT ) (o 2T ) [ Tt = ) = ateree)] (01

So both the parent and the child’s utility are linear combinations of
- .
TR

U(ﬂft,t—l - Tt) - U(mt,t—l)-

and

They only differ in the relative weights.
An abstract formulation of this problem is

U = Anfu(@ —7) —u(@)] + Asz[u(zz + 7) — u(a2)] (12)
Us = Agfu(zy —7) —u(zr)] + Aozfu(ze + 7) — ulx2))]. (13)



For the Nash bargaining problem, we wish to choose 7 to maximize

V=0IU, +(1-60)InU,

av 0 1-0
I [—An(z1 —7)77 + Awa(za +7) 7] + 0 [—A21 (w1 —7)7 7 + Az2(w2 +7) 7] =0
Thus we need oA (1 6)4 oA (1-0)4
11 —0)An PR 12 —0)As —y
< U, * U, ) (@1 =7) < Uy + Uy ) (@2 +7)

(9A11U2 + (1 — 6)A21U1)($1 — 7_)—’7 = (9A12U2 =+ (1 — 9)A22U1)($2 =+ 7')_’Y

0ALUs + (1= 0)AnU; = (0A11Ag + (1 — 0)Agy Ay [u(zy — 7) — u(zy)]
+(0A11A20 + (1 — 0) A1 Aro)[u(zs + 7) — u(z2))
= ApAsifu(zy — 1) — ulzq))
+(0A11 A2 + (1 — 0)Ar2Az7)[u(za + 7) — u(z2)]

0A12Us + (1 = 0)A2Ur = ((1 = 0)A22A11 + 0A12A01)[u(z1 — 7) — u(z1)]
+(0A12A20 + (1 = 0) Aoz Ava) [u(wa 4 7) — u(z2)]
= ((1—0)AA11 +0A1240)[u(z1 — 1) — u(zq)]
+A12Ag[u(rz + 7) — u(z2)]

This gives us

(A11A21[u(x1 — ’7') — u(ml)] =+ (9A11A22 + (]. — 9)A21A12)[U($2 =+ 7') — u(xg)]) (xl — 7_)—7
= (((1 = 0)A2A11 +0A12A21)[u(zy — 7) — u(z1)] + A12Assfu(ze + 7) — u(x2)]) (z2 +7)77

This does not have an analytic solution for general 6.

(15)

(16)

If 6 = 0 or 1, so either the parent or the child makes all the decisions, it will simplify to the usual solution.

Ifo =0,

(A1 Agr[u(zr — 7) — u(xy)] + Ao Ara[u(ze + 7) — u(z2)]) (21 — 7)~

= (AxpAi|u(zr —7) — u(x)] + A Asafu(xe + 7) — u(z2)]) (z2 +7)77

Ao (A1 fu(zy — 7) —u(xy)] + Arzfu(ze + 7) — u(x)]) (1 — 1) 77
= Ao (Anfu(zr — 1) —u(z1)] + Arzfu(ze + 7) — w(@2)]) (w2 +7) 77
Aoi(xy —7)77 = Agg(ao +7)77
Az M@y = 1) = A5 (@5 + 1)
(A2_11/V + A2_21/7)7' = A2_11/Vx1 - A2_21/V332
Thus when Player 2 has all the bargaining power,
A;f”ygl _ A2—21/7m2

Az—ll/’Y + A2—21/’Y
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Ail/’yl‘ _Afl/’Yl. Afl/’)'
a = Di(z1—7)=D (xl -2 71/i 2 )= Vs (@ @) (17)
Ay '+ Ay Ay '+ Ay
A—l/’le _A—l/’Y:L.2 A—l/’Y
c2 = Da(xa+7)= Do <$2 + =2 — 2_21 = 2%(951 + 22) (18)
A21 /’Y+A22 /Y A21 /’Y_,'_A22 /v

In this case
e _Ds (An> v
C1 Dy \ Aay .
Conversely, if § = 1, the bargaining condition becomes
(A1 Ao [u(zr — 7) — u(xy)] + AnnAsafu(ze + 7) — u(z2)]) (21 — 7)~
= (ApAsifu(zy —7) — ul(x)] + A Asafu(as + 7) — u(x2)]) (z2 + 1)~
Aji(zr —7)77 = Aga(me +79)77
A @y = 1) = AR (s + 1)
AL — AL s

T =
A1—11/7+A1—21/’Y

v
Y

Thus
1
1 AL /v
A1—11/7+A1—21/’Y
Al—ll/’v
A1—11/7+A1—21/’Y

cpT = D1(£U1 — T) =D (.’El + 132) (19)

Cy = DQ(LEQ + T) = D2 (Il + 1‘2) (20)

These are the same as (17)-(18) except now it is the weights of player 1 that matter rather than the weights

of player 2.
e _ Do (Alz>1/7
¢ Dy \An )

In this case
There is a third analytic case when As; = kA1 and Ass = kA1, so the proportional weights are the
same:

(kA%l[u(xl — 7') — U(:El)] + (9]614111412 + (1 — 9)](114111412)[%(132 + 7') — U(ZEQ)D (.’El — T)i’y
= (((1 = 0)kA12A11 + 0k A1 A1) [u(z1 — 7) — u(x1)] + kA [u(z +7) — u(x2)]) (x2 +7)77

Ay (Apgu(zy — 1) —ulz)] + Areu(ze + 7) — u(z2)]) (1 — 7) 77
= Alg (All[u(ml — 7') — u(a:l)] + A12[u(.’£2 + 7') — u(xg)]) (.’L’Q -+ 7')77

An(z1 —7)77 = Ago(xe +7)77

This just gives us (19)-(20) again, which in this case are equivalent to (17)-(18).

These preliminary results suggest that Barro’s (1974) results that an overlapping-generations model can
be equivalent to an infinite-horizon representative-agent model may not require pure altruism if either the
parent or the child has all the bargaining power, a situation that may be relevant to many developing nations
like Uzbekistan.



1.1 Paterfamilias Model

Let us focus on the case where § = 1 so the parent has all the bargaining power to see how closely this is

to a Barro model. Since the parent has absolute power over the child, we call this the paterfamilias model.
Let us define

1 1—v -1/~
= 21
: <<1+ ) xc> , (1)
S0
AR = &
We also have
D, =1
¢
D, —
2 T+
Gt _ ¢ }
Cti—1 1+¢&

Then the optimal transfer must satisfy

-1 —§ (yo + yl_%)

= 22
Tt 1 _1_5 ( )
Let us assume the transfer is a linear function:
T(x) = Az + B (23)
Ter1,t = Y1+ Rbpr = 1 + y0+Tt—£(y1—A$t+1t—B)
’ 1+¢ R ’
R ¢ ¢
= —_— — —(y; — B —A
Ti41,t = Y1 + +o |:y0+7't R(Z/l )} + 1+6 Tt41,t
1 R 10}
- - T —_ T (y; — B
Ti41,t 1 %A [yl + 1+6 {yoJth R(y1 )”
+¢
1 R 1+ ¢ 10)
= - = - B
Tt41,t 1—1‘15A1+¢{ R Y1+ Yo+ T R(y1 )}
+¢
1 R 1+ ¢B
Tip1t = —5 [y0+Tt+
1-— mA 1+ R
1 R y1 + ¢B
Tiy1t = 11— % 41+0 {yo + Az 1+ B+ R (24)
+4
R 1 Ao Y1 + ¢B
_ B 25
Ti4+1 o1 ¢A1+¢[yo+7't+ R + ( )



Substituting this into (22

y—% liiA%[yo+Awt,t71+B+%]fB
Tep—1— & | Yo+ 1te =
Azy 1+ B = I
1 A2
. 1+£17%A 1+¢
N 1+€&
1 A?
Al +8)-1=¢6———
( ) 1fﬁ%A1+¢
¢ § 12
A1 1] (1-—"—Aa) = >
aa+o-1(1-154) = o
® [ ® ] § 0
A2 (1 1 T lA-1 = S5
1+¢(+£)+ +€+1+¢ 14+ ¢

£ @
[1+¢+1+¢ 1+ 6

w1+@+¢]A2-—P+§+¢'}A+1:o

1+ 1+¢

F+¢’}A?—P+£+¢}A+1:0

1+¢ 1+¢

F+‘¢mAnmno

1+9¢
<§+¢}A—1>(A—1):0
1+¢
Thus we have two solutions, A = 1 and
A 1
B 2
S
S EEr = e ik
—¢ o+ — T
B:
1+¢
£ le> S 1 A [
B=—-——(w+ +B+
1+ \ " TR [+€1- LAT+¢ vo
1 A 3 Y1 § 1 A
B:[ -1 Yo+ =)+
2 ®
1—mA1—|—¢> 1—|—§( R) 1+¢ 1fmA1+¢
Note that if A =1,
1 A 1 L 1=0
T_ 6 Al+o 0 d14o—a 9
1 -5 Al1+¢ I+¢-9

u+§ﬂA?—P+§+¢}A+1:0

y1+ ¢B

(1

R

¢
+2)

(28)



o0 (29) implies B = 0. Thus with this solution 7(z) = z, and ¢;; = x4 — 7(x¢¢) = 0. Thus we can ignore
this solution and assume A is given by (28).

|:1A_1:|§
-5 A 1+d 1+€
ke [t () 4
e | 1-s55A 1+ R R
A 1

1+¢ E+0+0¢
9 E4¢E 1+
E+o+0E E+o+0E £+ o+ ¢E

1 A 1

1—%A1+¢:§(1+¢)

L A _1-6-9¢

1—&/11%—(;5_ T 1+ 9)

B =

1-— =1

0]
Tro

Thus we have
1-£—¢€

B= (+4)(1+€) Y1
i 00 ] O

_ 1-86—¢¢ u
B_(1+¢)(1+€)—§[2(1+2)+1?} (w0 + %)

— 1—-&—¢¢ n
v u+@u+0—@+gyxﬁw(“*é)

_ 1—€— ¢ n
_(m%+¢m_%ﬂw+ )
_R1-6-4¢¢
T

(yo + %) (31)

Since we can rewrite (28) as
1 1+ ¢

A= -
(41 o+

we have . Cesen
2 _ 2767t hn
A 149 T(O+R)

Using (21), we have
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can further rewrite this as

and

Note that (29) simplifies to

(36)

=il leara Y (o B)* laes (0 %) + 7))

As a check of (36), substituting it into this equation we get

R—-1
R
1
R
6],, 1,1
R R



Ctt—1 = Ttt—1 — Tt = Tt t—1 — (Axt,tfl + B) = (1 - A)wt,tfl -B

xe )
SRS S Dl ;) Y YAORTS
= tt—1 — tt—1+ ———(—— —

£+ % 1+ ¢ r

—1/y
- e rere ) r,.m

e () T
R e S ) - ( )

Ctt—1 =

, -1/
(1)§rc¢) -1 R Y1
ﬁ |:$t,t—1 + ? (yO + R):| (37)
o+ (1)

This is the sort of behavior we would expect in a Barro (1974) model, where consumption is a multiple

of the total wealth of the dynasty. In the limit as x, — 0 so the parent does not care about the child’s
consumption,

R Y1
Cti—1 = Tep—1+ — Yo+ =),
r R
as it should. The parent consumes the whole wealth of the dynasty, expecting each ensuing generation to
pay the debts of the previous generation.

The young agent’s consumption is

- o Y1 — Tir+1
Ct,t—1+¢ Yo + R + Tt

From (25),
R 1 A +¢B
. Gt ot e ] - B
Ct,t:m Yo + R + T
y - Bt o+ A+ B R - B
ctt=17—— %+ e +Azy 1+ B
1+ ¢ R
¢ 1 A (0
[ e [ e
Ct t 1+ — % a114 y0+R+ Ty p—1
1+¢
1 A 1
+ |1—- 3 (1+¢>— B
l—mA1+ R R
From (29),
1+¢ 1 A n 1 A o\ 1
“tipo 1 (w+ L)+ 1+2)+=|B (38)
S 1-5A1+6 R 1— AL+ R) R




Thus

o | 1 A 1+¢
- 2 {|l1-— 2 VAx, 1 +B--"°B
et 1+0¢ | 1- ;2 Al+ et 3
o | 1 A B
- 2 ||1- 2 ) Az — 2
1+¢- 1_% T Ttt—1 3

o [ ( Xe )”” 1+¢ ( X )1”
= 2 ||1- — % . 1—-B(+ :
T+ 0 I+¢) Jeararomt PUTITLS
/v -1/~
Xe Xe
B ¢|:1(1+¢) $tt1< Xe >1/w1—(1+> E(yoer—l)
N —1/yh 1+¢ N R
¢+ (ffm) o+ (ffﬁb)
-1/
1M(XC) —1
_ g Xe T+ R ()
Ct=¢ <1+¢) ot ( - ),1/7 (CEt,t1+ ; (y0+ R>> (39)
1+¢
Thus 1
ct ¢( Xe ) "o 1 (40)
Ctt—1 1+¢ 1+¢¢
as is required by the intergenerational Euler equation.
Ct+1t = Tt41,t — Tt+1
1 R |: 1+ ¢B
= 5 A1 |YotTet }
1-55A 14 R
1 R Y1 +¢B]
—A — + 7+ B
1- &AL+ {m R
1 R | 1+ o8
- -4 L |-
1—ﬁ%A1+¢_ R
1 R | 1 + ¢B
= (1-4) — |yo+ Az + B+ - B
-5 A1+6 | R
1 R 7 Y1
= (1- A)id,i Yo+ Azii1+ &
1- AL+l R}
1 R 10)
+la-a)— 7 1+)—1 B
(- vzarta (o 8) )
= 1+¢




" =y Y\ R+¢|R +yﬂ}
(1+¢ (&)17:/i<1+¢(1ﬁ6¢> ) f )T(yo !
S R w)

o+ (15

1/~
Ci)ﬂh—l R (Xa) (1+ @)ar e
Coryy = ¢ U149 | \1+0¢

o o+ (1)

~1/v Y\ R+ ¢ R
(L) -1 ¢<Xc> = |
Y 1/’)’ 1+¢7 1+¢ —y 1+ 1+¢
+{1+¢<1;¢> i

() "1 {( xc¢>1/w(1+¢)mt,t_l
1+ 1
Ct+1t = s

i UVR_1+1+¢>R
—1/5 Xe ) 7 r
13 <1+¢ <</&r> 1)(1+¢
Xe )4 & \\1+9¢

1+¢(1+¢)

. )_1/7—1 R X )1/W (14 @)ws 41
(% (1+¢
Ci+1,t = 5

1/'y> R1+1+¢>R
Xe ;
Xc)m+<1;<1<1+¢> 5
Lrol1s
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(IXC¢)71M—1 R 1/

+ Xe

Cty1t = - A1t 6 {(1+¢> (14 ¢)xe -1
o+ (%)

1/~ 1/~ 1/~
Xe Xe 1+¢ Xe 1+¢\ R
eo() " (- () ) (- (- () 5)!

+

(l)j‘c¢>71/’y -1 p . \'” 1 Y1
Ce41,t = N1t (1 T ¢) (1+9) {$t7t1 + (1 + 7a> (yo + R)}
o+ (i)
-1/~
Xe -1 1/
1+¢) Xc R U1
Cit1,t = . 71/7R <1 n ¢> |:$t,t1 + - (yo + R)] . (41)
o+ (2%5)
Thusc”;:% = % = (531713)—1/w = (BR)l,l/7 = (ﬁR)l/'V, so the intertemporal Euler equation is also satisfied.

From (40), in a steady state we need
Ct,t _ ¢ ( Xc >1/’Y — 1
Ctt—1 1+¢ .

_1+¢ 147"
Xc (b 6_1

For v =1, we need

=145 (42)

1.2 Pure Altruism Model

As an alternative to the paterfamilias model of 1.1, let us consider the pure altruism model of Barro (1974).
Let p be the intergenerational discount factor. A household that receives the transfer 7 solves the Bellman

equation

v(1) = max u(co) + Bu(cr) + pv(7’) (43)
co,C1,T
subject to
cotb = yo+71
cin+7 = yi+ Rb
Let us guess that
v(r)=Du(r+ F)+G. (44)

The Lagrangian is

L=u(yo+71—5b)+Bulys + Rb—7")+ p[Du(r' + F) + G].

oL

o5 = ~Wo+T=b)7 4 PRy +Rb—7)7 =0
oL _

57 = B+ Rb=7)T7 +pD(r'+F) 7 =0
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Yo+ 7 —b=(BR)"(y1 + Rb—7')

D —1/v
y1+Rb—T':(pﬁ) (r' + F)

yo+T—b:¢><b+le >

Let us define g
pD> K
_ (P 45
= (5 (15)
y1+Rb—7' =((r' + F)

(1+¢)b—%7/ = Z/0+T—%y1
(1+¢7—Rb = y, —(F

(1+¢)Rb—¢7" = R(yo+7)— w1
1+QA+¢)m" —R(L+ )b = 1+ —C(L+¢)F

14+ ¢+l =1+ )y1 —C(1+ @)F + R(yo +7) — ¢

14+ (+C¢or =R(yo+7) +y1 —C(1+ @) F

’r_ R y1_<(1+¢)F
T T+ 9) {y”” R } o

b= 11¢[y0+r—2(y1—7')]

. A

1 ¢ C1+e)(y1 +F)
’ +[y0”‘1+<<1+@[‘90‘” ]
pC(1+)(y1 + F)

"1
1 1
b= ey |0 90O+ ) - HKEEOEL)

B ¢
=10 { R( 1+<

! (47)

_ N_c2
— g | O+ D) - S+ P

c = y0+7—b:y0+7*m {(1+C)(y0+7)CZ(y1+F)}

L+C+Co— (140l o+ )+ o + )|

1 {[
1+¢(1+9)

y1+ F} (48)

il |:y0+7'+ R

It 9)
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C1 = yl-l-Rb—T/

_ R ¢
= yl+1+§(1+¢)[(1+<>(y0+7)_<R(yl+F>}
y1 —C(1+9)F
—1+<(1+¢>[y°“+3]
—((1 F
O T |t 1 O+ 1) = G+ F) = o - - LG EOT
_ (1+¢+Chy1 —Coyr + F) —y1 + (1 + ¢)F
Cl—H_C(H_(ZS)[C(yO‘FT)"‘ R }
R F
C1=HC(H¢){C(ZJ0+T)+@1;C }
_ (R y+F
] AR ()
/ _ R y1 —C(1+9)F
_ R y1 —CA+9)F  1+¢(1+9)
- 1+<(1+¢)[y°+7+ R R F]
/ _ R 1+ F
T+F—71+<(1+¢) [y0+7+ R ] (50)
For the ansatz to be correct, we need
T+F = y0—|—T+y1;F
(-t - et
R
F==(y+%) (51)
For v # 1, the Bellman equation becomes
(r+F) _ 1 ( é¢ )” 8 ( CR )”
Pyt T it YY) i e T
pD R 1=
+17(1+<(1+¢)[T+F]> e

For p # 1, we must have G = 0.

b= (uff%)w 0 (uffﬁw)u b (u«%)u

¢Q)' "+ B(CR)" + pDRI Y

o
SO RN
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From (45),

(6O) ™7 + (79 + L2 AR
(1+C+Co)

(GO +¢ T (T

(L+C+Co)

N L, #CFCH1

BN e

B o\
b= (1+<+¢<)

1y _ ¢
D= 1+ ¢+ oC

¢= <p)1/v¢c
B L+ + ¢

-1/~ -1/~
teasoc=(5) o= (Gor) = r)

G
L+

(pR'"7) V7 -1
1+¢

(=

C =
We need
(pR'™7) V7 >1

in order for ¢ to be positive, so we need
pR'™7 <1

That is, we need
p<R1

in order for the pure altruism model to have a well-defined solution.

D:5<(/’R1_7)_1M—1>7:5< 1+4¢ )7
p 1+¢ p \(pR'=)"Vr -1/~

Let us define
b= (pR™) 7MY =14+ ¢,
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which is the intergenerational analog of ¢. Then we have

o¢

Co = E [T + F]
R
- ?C[T + ),
SO R
C1 _ - 1/
2 =2 =(BR),
c ¢ (BR)
and the intertemporal Euler equation is satisfied.
G _S$UW+F) R _R_ oy
W KGrr) 11049 v |

so the intergenerational Euler equation is satisfied.

In a steady-state of the pure altruism model, we have to have p = %. This is problematic because for a
thirty-year period, p = L(}w = .31. It is hard to see how people could evolve if they put so little weight
on the utility of their children. This is in contrast to the paterfamilias model, where a steady state requires
people to put more weight on the consumption of their children than themselves.

The mapping between the two models is

1/v 1/~
1/y _ Xe _ Xec
(pR)" = <1+¢) _(<1+¢>5RH)

Xe
R= —— 2%
P U+ ¢)pR
Xe = pB(1+ )R> (57)
Since we have to have
pR'™Y <1,

only paterfamilias models with
Xe <BR(1+¢)

can map into the pure altruism model. Though some have characterised the paterfamilias model as a
reduced-form version of the pure altruism model, in fact the pure altruism model is a special case of the
paterfamilias model.

Indeed, the two models ought to be easily distinguished experimentally. If you isolate a parent and
child together and offer them a candy bar, how will it be divided between them? The pure altruism model
predicts the parent will give the kid about 25% of the candy bar. The paterfamilias model predicts the
parent will give the kid more than half of the candy bar.

1.3 Logan’s Run Model

Next we consider the Logan’s Run model where children have all the bargaining power. Then we have

A21 = Xp (58)
Ay = (1+9¢7 1) (59)
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We still have

Then we have

Dy o= 1
¢
1

Dy = .
2 Yo

Xp /’yxt,tfl - % (yo + 7%_;”1)

Tt = —
Xp M + &
Let us define
§p = —1/v
(1 + ¢)§p$t’t71 — qﬁ (yO 4 yl—i;f_*_l)
T+ =
t ¢+ (1+ )¢,
¢
1+é -7
Ctp—1 = % (%:,t_l +yo + w)
XP + m
¢ Y1 — Ti41
e O g T T
ey R T =
¢ ;1/7 ( . Tt+1)
Ct,t = ooty + LT
1+¢)Xp1/7+1f¢ R
¢€I) Y1 — Ti41
e P (L YT T
T e (L), UV Yo I
Note that C
£t
Ctt—1 P

Let us suppose again that (23) still holds.

(23).If we substitute (25) into (61), we get

(14 @)Epmi 1
Az 1+ B =

—¢(y0+%—1_11f¢141ib [yO‘f'A-Tt,t—l‘FB‘F%] -

(63)

(64)

Then (24) and (25) still follow since they only depend on

)

(1+ )¢, (A -

(1+¢)¢,(A
(1+0)¢,(A-D[1

o+ (1+9)E,
) (1+¢>e A
N (119,
- 1 10} B ¢A2

1) +¢A= _1f¢A1+¢A2*1+¢(1—A)

[(1+ )¢, (A—1) + gA][1+¢(1— A)] = ¢A®

- D +¢(1 A)]+¢>A+¢ Al—A) = ¢A?

+o(1— A)]+ QAL — A) + ¢*A(1—A) = 0
(L+ @) (A -1+ o1 — A)] + dA(L — A)] 0
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(A=D1 +¢(1 - A)] - 9A] =0

A B
_(b(yo—’—%%_l—lli’(ﬁf\w [yﬂ—B#—W}—ﬁ)

B =
o+ (1 05, 9
If A=1, (65) reduces to
-9 <yo + 4 - 7171%ﬁ [yo + B+ 7‘1’1}‘#3} - ﬁ)
B = .
¢+ (1+0)E,
ol pt] g
B ¢+ (1+¢)E,
_ o[t s)B-5)
a ¢+ (1+9)E, ’
which implies B = 0. Since this would imply 7, = z; 1, we can again rule out this solution.
El+o(1—A))—9A = 0
E+0)— (6, +1)0A = 0
_ & 1494
A_£p+1 5 (66)
1 A 1 1 g 11 g,
L-H5Al+e 1 S dl+g,  oolt ¢
B B
[0+ (1 +0)E,|B = —¢<yo+§—%[yo+B+W}—R>
_ (gp_¢)(yo+§)+[§p+(1+§p)z]3
[¢+(1+¢)§p—§p—(1+5p)ﬂ3=(fp—qs)(yo#g)
¢
[¢<1 +6,)-( +5P>R} B= (5,9 (w+5%)
(A+&)65B= (6 —9) (0 + %)
R & -9 4
B= e 0t R) o
B_ &+l ¢ R -9 Y
A7, 1+¢r(1+§p)¢(y°+3)
B  §{—-¢ R Y1
A 0+ogr (+%) (68)
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Thus

The x map becomes

1 R

Te41e = Y [Axt,tl + Yo + % + (1 + Z)
_|_

[
1- &A1+
1

§ 1+¢

1—

|
AU
&p

1+¢, 1+ ¢

- R1+¢[£+1 ¢

R
Ti41,t = fpg t— 1

R
Tit1,t = fp¢fﬂtt 1+

R R

Tip1,6 = é-pgivt,t—l + m [1 +&,

R

1+¢

Typ—1+ {1 + <1 +

p[1+<1+

+¢

R+

1+¢[1+€_FR—

&p
¢
1+¢

+22 14

+

Tiy1,t = fpgﬂ?t,tfl + 1+6

|

Tey1 =&, d)xtt 1+R[

1
St g
1

ot R

¢

¢
—1
3

R R R
Tit1,6 = fpaxm—l + [¢§p - 1} (yo
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i = s n s g s e (e )
1 R
= [ |:(£p + D)oz -1 — (14 P — (&, — ¢)? (yo + Zg)}
1 R Y1
= e 0@~ 60T ()
»—& R h
Ctt—1 = m [xt,t—l + T (yo + Rﬂ ) (72)
which is again consistent with Barro’s (1974) result.
=14 f P {yo + T+ = _RTtH]
_ ¢ i & 146 £, —¢ R n
R [y” RTE 41 [x“‘l gy (W Rﬂ
£

— fp—]:—ll—;(ﬁi; (:L't,t1+]j(y0+yf;)) +71ﬂ(yo+?§)}

¢ R Y1 3 §,—¢ R Y1 3 R Y1
Ct,t:m? <y0+§>+€pi {xt’t_le(li—(b)épr (y0+R)(§(mt,t—l+T(y0+R)>}

1
o= g (ot )+ 2 [ e+ e (o ) =2 (v )
=gt | e gy 0 ) (o ) g (e )
w=g [t (e e i e ) ot )]
=gy [ (5 et ) e )]
gty | e+ (1) F (e )

Ctt = f:};_ - ® ¢§P [xt,tl + § (yo + le)} (73)

Thus the intergenerational Euler equation
Ctt

P
Ctt—1

is satisfied.

R R R
G = e T = by ( 5 (wt 3%)) -5 (w+ )

_7 - erfp REP (xt,t1 + - (yo + R)> + - (yo + E)
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o=t o B ) 52 (o)
p

¢
Cti1,4 = (1 - % T f_pgp) pr <93t i—1+ g

[P+, — &, — 9 ¢ R Y1
Cii1,4 = ( qﬁ(pl T gp) p) Rgp <9€t,t—1 + . (yo + R))

6 9—¢ R Y1
Ciy1t = Rim (fﬂt,t—1 + - (yo + R>>

Thus the intertemporal Euler equation
1t R

Ct,t o

is also satisfied.

The Logan’s Run model is equivalent to the paterfamilias model when

1/~
é—p:X;l/'y:¢< Xe )

1+¢

1 x9

Xp L1+
(14 (BR'™)"V7)BR ™
Xp = .

Xe
So if
_1+9
Xch - (z)'y ’

the Logan’s Run and paterfamilias models are observationally equivalent.

Aro ( 1 )1_7
et A Xo
A 1+ ¢

Ay (L+¢7')

Ay Xp
The condition that the utility weights are equal is

() e (59)'4
i+¢) "9 ) x

:
wo= (22) s - 1
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2 Equilibrium with Nash Bargaining

Now we consider what happens when 6 € (0,1) so both parties have some say in the value of the transfer.
Bargaining is only possible when both parties have something to gain from a transfer so Uy, U; > 0. We
know that Uy = Uy = 0 when 7 = 0. If we plot the utility-possibilities frontier Us(U; ), we need this to pass
through the first quadrant. Thus for small 7, we should have

U2 = mUl.
If m <0, we must have 7 = 0.
Us(r) _ . Us(7)
=1 =1 76
TN T e Ul(r) (76)
by I’'Hopital’s rule.
U{(T) = 7A11u/(2171 77’) +A12u’(:c2 +7’)
Uy(t) = —Apu/(z1—7)+ Ao/ (224 7)
¥
Agozy” — Apa]” Agp — Agy (ﬁ)
m = — — =
Aoy —Anz Ay - Ay (%)7
gl ¥
Bargaining requires Ass — Aoy (%) and A1p — Ay (%) to have the same sign.
o _ (Aw)l” (A22> "
Z1 Aq "\ A2
o A 1/y A 1/~
L S (12) (22>
1 Aqy "\ Ao
Let us define A
_ 212
m = All (77)
and 4
_ 222
T2 = A21 (78)
Then there are gains from bargaining if
o <min{m’,ny7), (79)
in which case the parent will make a transfer to the child with 7 > 0, or if
= > max{n/",ny"}, (80)

T

in which case the child will make a transfer to the parent with 7 < 0. When 7, = 7y, as we saw above,
the two sides will have their incentives perfectly aligned and will agree to what is optimal for both of them.
The bigger the difference between n; and 7, the less likely it is that they will be able to agree to a transfer.

Since in the underlying model,
1\
= (1+¢> Xe
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and

_< ¢ )71
N = 1+¢ Xp7

we need the child’s weight on the parent to be roughly reciprocal to the parent’s weight on the child. Thus
if the parent and child reciprocate their feelings toward each other, bargaining will be difficult and transfers
will rarely occur.

Note that (12) and (13) imply that

Ui(t) = Anfu(zy —7) —u(z)] + Arau(zs + 7) — u(z2)]
UQ(T) = Agl[u(l’l —T) —U(Z’l)]+A22[u(£C2 +7') —’U,(l’g)].
U{ (T) = —Auu’(xl — 7') + Alzu/(xQ + '7')

Ué(’r) = 7A21u/(2171 — T) + AQQU/(JEQ + 7')

U/(r) = Anu’(z1—7)+ A/ (z2+7) <0
Uél(T) = Aglu”(xl — T) + AQQU”(LEQ + 7') < O7

so both Ui (1) and Uy(7) are strictly concave functions of 7. Suppose it is the case that Uj(0)U5(0) < 0.
Then there cannot be 7 such that Uy(7) > 0 and Us(7) > 0. Suppose that U{(0) < 0 < U5(0). Since
U, is strictly concave, Uj(7) < U{(0) < 0 for 7 > 0. Thus U; will be strictly decreasing for 7 > 0, so
Ui(r) < U1(0) = 0 for 7 > 0. Meanwhile since Uy is strictly concave, Uj(7) > Uj(0) > 0 for 7 < 0. Thus
Us(7) is strictly increasing for 7 < 0. Then Us(7) < U2(0) = 0 for 7 < 0. Thus U;(7) is only positive for
7 < 0 and Us(7) is only positive for 7 > 0. So there is no 7 for which Uy (7) > 0 and Us(7) > 0.

So the condition for there to be a nonzero bargaining solution is, indeed, that

v,
dUy

_ Uz(0)
- Ui(0)

(0) > 0. (81)
Let 77 satisfy Uj(77) = 0 and 735 satisfy Uj(73) = 0. Thus

(z1 =) =mz2+71)"7

Ty — TI = 77171/’\/(332 + Ty{)

—1/v
% T, — 7] T2
T = 1_1/7 (82)
1+4+mn,
Likewise,
—1/y
«_ T1—1My T2
T2 = =1/~ (83)
1+mn,y

If (81) is satisfied, 77 and 75 must have the same sign. The optimal 7 must be between 75 and 3.
U(r) =0InUi(7) + (1 — 0) InUs (7).

Ui(r) Us(7)
0 (7) +(1-06)

Ur)=20
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Without loss of generality, we can suppose 75 < 75. Then U{(7]) = 0 < Uj(73). For 7 < 77, U{(7) > 0
and Uj(7) > 0, so U(7) < U(r}). Likewise Uj(75) =0 > U{(75). For 7 > 75, Uj(7) < 0 and Uj(71) < 0, so
U'(t) < 0. Therefore U(t) < U(73). Note, however that if 0 < 75 < 73, U1(75) < 0 is possible. Likewise
if 71 <75 <0, Uza(77) < 0 is possible. In these cases, we can further constrain the search for 7 by looking
in the regime where Uy (7) = 0 or Ua(7) = 0. If U;(7) = 0, then we have

u(@y — ) — u(z1) + m [ul@s + 7) — u(zz)] = 0
a (7))

M
Ty =7 T2
T o (LEQ + 7') ’
which cannot be solved analytically.
Another way of characterizing (81) is that 0 ¢ (77,75). Suppose that

For v =1, this is

T1 <0< 75

Then

-1 -1
r1—1m /7x2<0<m1—r)2 /7332

1 €2 1
771/7 <2 772/1
€

Likewise if
75 < 0<7],

/v =1/~

-1
T1—1y T2 <0<z =1 2o,

SO

T
n;/7< 2 <77}M-
Tl

Eq. (16) simplifies to
([u(zy = 7) —w(@1)] + (Ony + (1 = O)ny)[u(z + 7) — w(@2)]) (31 — 1)
= (0 =0)na + On)ulzr — 7) — ulzr)] + mna[ulzs +7) — u(x2)]) (w2 +7)77. (84)
At a given ¢, the budget constraints are
Ci,t + bi+1 = yil;,t + Ti
C%,tﬂ +71 = m%,tfl’

We must have ci’t, Ci,tq > 0. In partial equilibrium with fixed R, let us assume we impose the no-Ponzi
condition A

lim Yits >0

s—oo RS T ’

Cet + bi+1 + Ci,t71 = yi,t + ‘rf&,tfl (85)

is the resource constraint for dynasty ¢ at time ¢t. For s > 1,

i i i i
Citsits T bt+s+1 = Yigsits T Tits

i i i i
Citsits—1 T Tits = Yigsits—1 T Rbt+s'
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This gives the resource constraint

CtJrs t4s T CtJrs t+s—1 T bt+s+1 = ytJrs t4s T yt+s t+s—1 T Rbt+s (86)
Summing over (85) and (86) for s =1 to T', we get
L + ¢ + b} Ny + i + Rb
Cits,t+s T Ctis tts—1 t+s+1 i Yetst+s T Yttstts—1 t+s
Z 3 =Ygt Tyy 1+Z s
R R
s=0 s=1
d c%+s,t+s + ci+s,t+sfl + bi+s+1 yt+s t+s yt+s t+s LI b;+s
> i = Z + Z Thao1 + Z
s=0 s=0
T i i i T
Citstts T Chisrs—1 T Ohisi1 yt+s ts yt+s o 1, t+s+1
> VS = + Z Thao1 + Z
s=0 s=0
b Ty§+ t+ Ty§+ ths—1 TC%JF ths F Chisirs—1
t+T+ _ s, s S, S— 7 _ S, S S, S—
S D R D D R VD S T
s=0 s=1 s=0
Using the no-Ponzi game condition, we get as T' — oo,
yt—i—s t+s yt+s t+s Ly i > Czl‘:—&-s,t—i-s + C§+s,t+s—1
> + Z LIREDD T >0,
s=0 s=0
Thus we get the dynasty resource constraint
+c yi T
0 < Z t+€ t+s t+s t+s—1 < Z f+b t+s + Z t+s]é—s‘,-s—1 + 35;,5_1
s=1
CtJrs t+s T Ct+s t+s—1 yt+s t+s yg+s+1,t+s i
0< Z < Z > S T
s=0
0< Z t+a t+s T Ct—i—.s t+s—1 < n Z i n Yt+s+1,t+s (87)
RS xt t—1 Yits,t+s R
s=0
In the perfect-foresight model, this simplifies to
c +c > Y
t+s,t+s t+s,t+s—1 1
0 =< Z R S T 1+Z [yO+R}
s=0 s= 0
1 1
= Xtt-1+ [yo + Y ]
R11-— R
] T
= T _ —_— —
tt—1 Yo Rl
oo
Cts,t+s T Cits,ts—1 yil R
OSZ s s = s s Sxt,tfl""_ |:y0_|_§i| 7 (88)
s=0
This implies that the minimum cash on hand is
R
Tt t—1 2 Tmin = [yo + R} P (89)

28



Note that if ¢ ;1 = @min, we must have ¢;y = ¢;r—1 = 0. This implies

T(Tmin) = Tmin = — [yo + %} g (90)

However, the full resource constraint is only relevant for the paterfamilias and Logan’s Run models since
the parent or child can demand the other party go along with such a huge transfer from the child to the
parent. In the general bargaining model, households must abide by the Aiyagari (1994) constraint that
x > 0 or else the threat point is not defined. Thus

min{y§+1,t+1}

f1 > — 7 (91)
Since
et + b1 = Yo + T4,
in the perfect-foresight model (91) implies that
Yo+ Te —Crp > —%
OSCt,tSyOJF%Jth
further implies that
Tt 2> — [Z/o + %} .
Thus the transfer is bounded by
— [yo + %} ST S Tt (92)

Let us suppose now that xo(x) is a decreasing function of x; since a higher 21 means a higher transfer
when the child is the parent. Let 7¢(z) be the current iteration of the expected transfer function and let
7¢(x) be the resulting iteration of the actual transfer function. Suppose that 7, and 7, are increasing in z.
The (3) implies the next iteration of 7 is

Tir1(z) = 7i(y1 + RO(1e(2), Te41(2)))
= o (it R [ o)~ S -] )

Pl =7t (1 + R [+ 7e) = = 7)) ) 1 (i) + 7)) 2 0

Thus if we start out with a guess that the expected transfer function is increasing, and the resulting transfer
function is increasing, the expected transfer function will remain increasing.
Then we have

([ulzr = 7) = u(@1)] + (Onz + (1 = O)ny)[u(zz + 7) — u(@2)]) (21 —7)77
= (0 =0)na + On)u(zr — 7) —u(zr)] + mnafu(zs +7) — u(x2)]) (22 +7)77

If n; = ny = n, this simplifies to
(x1—=7) Y =n(ze +71)77

T —T = 7771/7(%2 +7)
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dr; —dr = 77_1/7 (jﬁzdm + dT)
1

d
(1 _ n1/vx2> dry = (1+ 7~ Y)dr
dSL’l

ar _1omE
dzq 1401/

since dxo/dx; < 0.

[m L a4 (Ony + (1— O)y)( ) — 1] (21— 7) ey

= ([u(zy — 7) — u(z)] + (Ony + (1 — O)ny)[w(za + 7) — w(x2)]) (21 — 7) 77~ (day — dr)
+ (21 —7) T+ (Ona + (1= 0)ny)(x2 + 7)) (21 — 1) Vdr

- {((1 = Oy +0n)[(x1 — 7)) =z T+ mmp[(ze + 1) — xgﬂdzj (x2 4+ 7) Tdxy

(0= O+ Onuer = 7) = )]+ muluten + 7) = ue)]) (o 4 1) (o +ar )
+ [ (1= Oz + 1) (w1 = 7)™ +mma(@s +7) 7] (w2 + 1) Vdr

Note that if dxs/dz; <0,

—1/7 dao
drji 1—mn dar

dxq - 1 +nl—1/7 >0
Likewise,
dry  1—ny e
02 o 7R dn
dxq 1 +n2—1/7
Ui(rlzr) = Anfu(zr — 1) —u(zr)] + Arzfu(za(zr) + 7) — u(xe(x1))]
Us(tlzr) = Aofu(zy — 1) —w(zy)] + Aos[u(za(z1) + 7) — u(xe(x1))]

Let us assume that zo(z;) is decreasing. There will be 2] and 2] such that

G T ) (93)
zq
and ( +)
T2\T . 1 1
e = mintn ), (94)

—Allu'(a:l — T) =+ A12’U,/($2 =+ T)
Anfu(zy — 7) —u(z1)] + Arz[u(z2(z1) + 7) — ulz2(21))]
—Ao1u/ (x1 — 7) + Agot/ (z2 + 7)
Agr[u(zr — 1) — u(@1)] + A2[u(ze (1) + 7) — u(w2(21))]

0 = U(r|z1) =196

+(1-19)
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—u/(x1 —7) + ' (2 + 1)

0 = Ul = O — o — e F milelealen) +7) — w2 ()] )
B —u/(x1 — 7)) + o’ (x2 + 7)
O e = —u@d + mlulea(er) + 7) — u(ea(@n)] (90)
Since this must hold for all x, )
U"(7|z1)dr + ou (T|x1)dw1 =0
(95[}1
dr U
diCl - %ﬁlﬁ) '

u(zy — 1)+ mu”’ (22 + 1)

[w(z1 —7) —w(@1)] + n[u(ze(z1) + 7) — u(w2(21))]
u"(zy — 1) +nou (z2 +7)

[u(z1 —7) —w(@1)] + nofulza(z1) + 7) — u(22(21))]

(—v'(z1 —7) +mu(z2+7)°

([u(zy — 7) = w(z1)] + my [u(za(@1) + 7) — u(@2(21))])?
(—t/(z1 = 7) + 7t (w2 + 7))

([w(z1 = 7) = w(@1)] + o [u(za(21) + 7) — ul@2(21))])?

U'(rlz1) = 6

+(1-10)

—0

—(1-0)

< 0
as long as Uy (7]z1), Ua(T]22) > 0.

U (r]x1) —u (w1 — 7) +mu (zg + 7) 52

Oz = [u(@1 — 7) — w(z)] + m fu(zz(z1) + 7) - U(ngffl))]
(1 = 7) + g (a4 7) 422
O e T~ ae F mlueatan) 1) — @)
e =0 4 (e 1) (e — 1) — o)+l (al) + 1) — o ea(on)) )
([u(@s = 7) = u()] + mlu(a(o) +7) = u(ea(1)])’
(=t (w1 = 7) 4 mg (w2 + 7)) (/@1 = 7) = W/ (@2) + g [0 (22(@1) 4+ 7) = 0/ (w2(22))] 522 )
~(1-6)

([u(z1 —7) = ul@1)] + nalulwa(wr) +7) — ulzz(21))])*

The first two terms are both positive since u is strictly concave and dxs/dzy < 0. Empirically, I find in
“bargainingpfderivative.nb” that the other two terms may not be positive, although so far I have only found
cases where the sum is positive.
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Using (95), these terms are

(=t (= 1)+ (@2 + 7)) (/@1 = 7) = () + ' (@a(1) +7) = (@a(o1)] 422
(fu(er —7) = u(@2)] +m [u(wz(@1) + 1) = ul@a(21)))°

(= (1 —7) + o/ (z2 + 7)) (u'(a:l —7) = v (T1) + 0y [t (x2(z1) + 7) — v (z2(21))] %)
([u(@1 — ) = u(@1)] + molu(@s(@1) + 7) — u(za(21))])?

(=u/(z1 —7) + ot/ (2 + 7)) (u’(a:l —7) —u' (1) + v (z2(z1) + 7) — W (z2(z

—0

—(1-9)

DIFY

—

= (1-0)

(
(w1 — 1) — (@) + mlules(er) + 1) — w(wa@@))]) (uler — 1) — ule)] + mafulza(@) + 1) — u@s (@)
(=t (w1 = )+ mu @z + 7)) (/@1 = 7) = (1) + o [0 (w2(1) + 7) — o (22 (21)] 222

+9([U(9€1 —7) —u(z)] + mfu(ze(21) + 7) — wl@a(21))]) ([ulzr —7) = w(@)] + nafula(zr) +7) — w(@2(21))])

Assuming Uy (1), Ua(7) > 0, the denominator is positive. The numerator is

N = (1-0)(—v'(z1 —7)+nyu'(z2 4 7)) (u'(xl —7) = (x1) +ny[u (w2 (1) + 7) — u’(@(m))}jﬁj)

0(—u'(z1 —7) +nu (w2 + 7)) <u'(m1 = 7) = (@1) +mp [ (22(21) + 7) — 0 (22(21))] Zij)

Let

N1 =[(1=0) (=t (21 = 7) + mot (w2 + 7)) + 0 (= (21 — 7) + /(w2 + 7)) [W' (21 — 7) =W/ (z1)] (97)

and
No = (1=0)ny (= (21 —7) + ot/ (w2 + 7)) [/ (w2(21) + 7) — u'($2($1))}%
Oy (' (@1 — 1)+ myad (w2 + 7)) [l (@ar) + 7) — o (wa(a1))] f%’ (98)
so N = Ny + Ns.
Ny = (= (21— 7) + (0, + (1 — Omo)d (03 + 7)) [ (arr — 7) — ()] (99)

If 7 > 0, the second factor is positive because v’ is strictly decreasing.

—u/ (21 — 7) + nyu’ (22 + 7)
[u(zy — 1) — w(w1)] + 1y [u(ze(21) + 7) — u(22(21))]
_ —u'(x1 — 7) + Nt (z2 4+ 7)
T e =) — @] + maul@a(er) + ) — w@(@))]

0 =90

Since the denominators are both positive, one numerator must be positive and the other negative. Suppose
1, < 1g. Since u’ > 0, we must have

—u(z1 — 7))+ mu (22 4+ 7) <0< = (x1 — 7) + nott (w2 + 7). (100)
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Then
—u/(x1 —7) + (g + 7)

O = Y =) @)+ muea(@) + 1) — a(za@)]
B (e — 7) + o (2 4 7)
T e ) @] F @) + ) — ul@a ()]
L, () — 1) + e (a4 7)
[u(zy —7) —w(xr)] +n[u(ze(z1) + 7) — u(z2(21))]
+<1 _ 9) —U/(J?l - T) + "721/('172 + T)

[u(zy —7) = u(@)] +m [ulz(21) +7) — u(ez(21))]

Since w is strictly increasing and 7 > 0, uw(z2(x1) +7) —u(z2(x1)) > 0, so [u(z1 — 7) — u(x1)] + noulzae(z1) +
T) —u(za(21))] > [w(zr — 7) —u(z1)] + ny[u(za(z1) + 7) — w(ze(z1))]. Thus
1

2
—u'(z1 = 7) + (O + (1= O)my)u'(z +7)
[u(zr = 7) = w(@1)] + m[u(zz(zr) +7) — w(za(21))]

-
0 < —u'(z1 —7) + (Ony + (1 = O)ma)u (2 +7),

0<

and so N3 > 0. The analogous argument holds if n; > n,.

Alternatively, if 7 < 0, the second factor in (99) is negative and w(xa(z1) + 7) — w(zx2(z1)) > 0. If
17 < Mg, we must still have (100). Then since 7 < 0, u(z2(x1) +7) —u(x2(z1)) < 0, so [u(x1 —7) —u(x1)] +
nolu(a(z1) +7) = u(wz(21))] < [ulzr = 7) = u(@1)] + mfu(@e(21) + 7) — u(za(21))]. Therefore

—u/(x1 — 7))+ (2 +7)

O = o D @) ¥ e + 1) — a@ ()]
) (s — 7) 4 (s 4 7)
T e ) @] F mafulaa(a) + 1) — ul@a ()]
S 9 —u' (1 — 7) + nyu' (2 4 7)
fa(er —7) — ale)] - m[u(wa(@n) +7) — a(@a(@)]
_ —u(x1 —7) + nou (z2 + 7)
T =) —w(@)| + e 1) — w(@m@)]
" oo W@ =)+ (O, + (L= O (w2 +7)

[u(z1 = 7) = w(z1)] + m [u(@2(z1) + 7) — u(za(21))]
Since the denominator is still positive,
0> —u(z1 —7) + (O + (1 = O)na)u' (w2 + 7),
so N1 > 0 again. Thus if x2 is independent of x1, we must have 7(x1) an increasing function.

d.’L'Q

No = [((1= 0y + Onp) (—'(wy = 7) s’ (@ + )] [ (@2 (20) +7) — ' (@a(@))]

If % <0, [ (z2(z1) +7) — Ul(xg(l'l))]% will have the same sign as v/(z; — 7) — v/(21). To show that

Ny > 0, we need to show that

172 /
DMU;, = -’ -+ —st +
" wlos =) (1—=0)ny + 9772u (z2+7)
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has the same sign as
DMU, — v/ (x1 = 7) + (01 + (1 = O)my)u (22 + 7),

where a stands for arithmetic mean and h stands for harmonic mean since we can rewrite

1

EED)

7 u'(x9 + 7).
?771 M2

DMU), = —u/(z1 — 1) +

We can rewrite the Nash condition as

([u(@r = 7) —ul@)] + (Ono + (1 = O)nmy) [u(2z + 7) — w(z2)]) o' (21 — 7)
= (1= 0z + Ony)[u(zr — 7) — ul@1)] + mnafu(zz + 7) — u(@s)]) u' (w2 + 7)

—[w'(w1 = 7) = (1= Oz + Ony)u (w2 + 7)]ulzs — 7) — u(21))]

= (=0 +0me) W' (o1 = 7) = gt B (- 7)| [ 4+ 7) — ()

Since w is strictly increasing, u(xs+7) —u(x2) and u(x;) —u(x; —7) must have the same sign. Consequently

DMU, and DMUy, also have the same sign.
Let f(z) be an expected transfer function. Let 7¢(x) be the optimal transfer given the expected transfer
function f. The mapping to determine the next iteration of the expected transfer function is

(T5)(@) = 74(0n + Rbisa(r5(2), £(@)
TN =77 (1 + R [+ 7560) - S0 - 160 )

@@ = (R [ S22 0 - S+ 2700 )

T =75 (R i+ % + 75000 + 1))

(Tf)(z) =4 (Rl}raﬁ [yo-l-%-‘rT (@)] +% (x )) (101)

The induced transfer function is

Tix) = arg  max ] (max{u(w—T) —u(7) +m, {“ (3/0+ yl_Tf(x) +T> - <y0+ yl_Rf(x))} 70})0

€—[yo+% .z

x (max {u(x — 1) —u(r) +n, {u <y0 + yl_Tgf(x) + T> —u <y0 + ?”_Rf(“””)ﬂ 70})19 (102)

We have already shown that 7y is increasing in «. Since the model is symmetric between player 1 (i.e.
the parent) and 2 (i.e. the child), the flip-side of that argument is that 7 will be decreasing in the child’s
wealth. Consequently, we will have 7¢(x) < 74(x) for all z if f(z) < g(x) for all z. Then

TN = (R e+ Bt @] + 120w <o (R oo+ 2+ (@)] + oo

o+ %8+ @] + 2 50l)) = (@00

—

ST(R 6
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That establishes the first Blackwell condition. If we can further show the second Blackwell condition, we
will establish that T is a contraction. Empirically, I do find that the discounting condition holds.

A problem does arise when f(z) > Ry + y1 because then the expected transfer cannot be made if there
is no bargaining. We need to adjust the threat point so

y1 — f(z)
R

If v > 1, as 2 — 0, the bargaining condition becomes

To = yo + + B(z) > 0.

lim ([u(zy —7) —u(z)] + (O + (1 = O)ny)[u(ze + 7) — u(e2)]) (21 —7)77

xo—0

= lim (((1 = 8)ny + 0ny)[u(zr = 7) — w(z)] + mmplu(@z +7) — u(z2)]) (22 +7)77,

xo—0
Oy + (1 =0)my)(x1 —7)" 7 =myma7 7.

R <%+<1—9>m) ;
172

(9 1—9>i
Ty —7=|—+ T
M 2

L1

0 , 1-0
1+ (H + N2 )
When « < 1, we can still solve (84) for 7.
One of the motivating questions of the paper was to understand under what circumstances the model
will behave like a standard overlapping-generations model without transfers. If there is no transfer,

T =

(103)

2=

1 ¢
b= —— — =y . 104
1+ 6 [yo Ryl] (104)
The parent’s wealth will then be
R 1) R [1+¢ 0] R Y1
=+ Rb=y+ —— |yo— oy | = —— ~ 2| = [+ % 105
Tp =y1 + y1+1+¢[yo Ryl] 1+¢{ R Ut pu| = oo Wt T, (105)
The child’s wealth will be "
Te = Yo + ) (106)
Thus 146
Lc
Ze _ 2% 107
- (107)
The condition for this no transfer equilibrium to hold will then be
. 1+¢
min{n;/7, 0/} < == < max{n;/" 07} (108)

Ifweset 3=.970 a=1/3,y=1,6=1,¢e0 =1, and e; = 1/3, we will have K/Y = 3 years, ¢ = 2.49
and R = 3.12 (equivalent to r = 3.9%). Then



Thus if 5, < 1.17 <, we will have a no-transfer equilibrium. (“twoperiodolg.xls”) Hong and Rios-Rull
use life-insurance data to estimate 1, = 3.5. If we assume children care about parent’s consumption at least
as much as their own, then we should see no transfers in the steady state. However, if ,, = 1, then an
exogenous transfer from the child to the parent of more than 9% of the child’s lifetime wealth ought to lead
the parents to make an opposing transfer. Note that 7, < 1 means that children value parental consumption
at least as much as their own. Note that 1.17 is a lower bound on 7, under which no transfer ought to
occur. This may help to explain why so many tests of bequest models have failed. If children do not care
about parents, as most models assume, we ought to see large transfers from parents to children, even in the
steady state.

Note that if we have an equilibrium where 7 = 0 when z, = % [yo + y—B}], then for any parental wealth
under which there is no transfer, the child will expect to make no transfer. Let us define 2} to be the time
series of the parent’s wealth. Then x! = % [yo + %] is an absorbing state. Consequently, if we have

+ Y1
min{n}/7, nt/7} < PR < max{n}/7, n}/7}

t

there will be no bargaining so the range in which no transfer occurs is

+ Y1 + yi
e s s R (109)
max{ny" ", e’} min{n," ", ne" "}
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